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INTRODUCTION 

The foundations of the general theory of analytic 
functions were laid in Part I of this Theory of Functions f 
Special functions (such as e% sin z, log z, ^z, and others) 
or classes of functions (such as the rational or the entire 
functions) were dealt with there only occasionally. Now 
such more detailed investigations will come in greater 
measure to the foreground. Only once again, later on, 
will more general considerations be carried out, in order 
to clarify the situation left undiscussed in I, §24, pp. 
103-104. In doing so, it will become apparent that the 
distinction between single-valued and multiple-valued 
functions which was indicated there is quite funda- 
mental. This distinction will therefore serve from the 
outset as a standard for all of the following presenta- 
tion. 

From these two main classes we sliall select several 
especially characteristic and important types of func- 
tions. A certain arbitrariness is unavoidable in this 
connection, since completeness within the close compass 
of this little book is naturally denied us. We shall get 
away from this danger most easily if we start with the 
elementary functions (the entire and fractional ra- 
tional functions, e% sin z, log 3, Vg, • • •) as the most 

^Theory of Funrtionii, Part J: Elements of the General Theory of 
Analytic Furniions, tninslatod from the 5th (.kinrian edition, 
New York, 1945, — referred to in the following, briefly, as 
together with paragraph or page number. 
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important ones, and try to understand that whicli is 
essential and of a universal character in tlieir principal 
properties/ 

The entire rational functioiis (poZynommZs)*~'”evi(iently 
the simplest and most transparent fnnetions-— are char- 
acterked (ef. I, p. 137) '^purely funcfjon-theoretically'' 
by die fact tliat tliey are regular in thci entire plane and 
have a x^olc at the point If one ignores the last 
propei’ty, one arrives at the moi‘e general class of 
entii'e funciionSj which are characterized solel^y by the 
property of being regular in the entire plane ((excluding 
00 and to which the entire rational and the entire 
transcendental functions belong as special cases. Tlu^y 
also apj)eared to us in I, §27 to be the simplest, because 
their power-series expansion for an arbitrary center 
converges, and therefore represents the function, in the 
entire plane. Since analytic continuation, then, is out of 
the question, the entire functions arc naturally ningle- 
valued. In their totality they are identical with the 
totality of everywhere-convergent power series of the 
form 

CO 

g{z) = 23 «n2", 

n-O 

and, as such, appear to be an immediate gen oral imtion 
of the entire rational functions. 

^Thus, we can be concerned in the following with a selection 
only— with samples, so to speak, Hie fh{‘ory of functions is a 
large realm, which cannot Ik?, explored on a jr»uriH‘y of oik^ or 
even several days. If, in spile of this, we und<;rf ake on tin* follow- 
ing pages to sketch briefly a few of the primipal pla<u*« in thin 
realm, w^e must emphatically caution the reader not to identify 
the extent of this little volume with that of t he t heory of functions. 
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In the first chapter we shall approach these functions 
with the question: Which of the fundamental properties 
of the entire rational functions does the class of entire 
functions still possess, and which not? — and shall give 
several answers to-this question. 

According to I, §35, Theorepas 1 and 2, the fractional 
rational functions are completely characterized from the 
purely function-theoretical point of view by the fact 
that they have no singularities other than poles in the 
entire plane and at the point . If, here too, one ignores 
the last property concerning the point oo , one arrives 
again at a more general class of functions, the so-called 
meromorphic functions, which are characterized solely 
by the property of having no singulatuties other than 
poles in the entire plane (excluding co ) . 

In the second chapter we shall approach these func- 
tions, which will also prove to be single-valued, with 
the question to be formulated analogous to the one 
above. 

The property of the functions e*, sin z, and others, 
which is the most interesting from the function- 
theoretical standpoint, is their periodicity. In the third 
chapter we shall detach this property from the special 
nature of these functions, and investigate it more closely 
and purely function-theoretically. We thus arrive at the 
classes of simply periodic and doubly periodic functions. 
In the latter class we then meet, in particular, the 
elliptic f unctions. 

Th(ise tyi)es chosen from tlie realm of single-valued 
functions will have to suffice. 

In connection with multiple-valued functions, wc shall 
first be concerned with sifting out the concept of the 
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same more clearly than was i^ossilhc in I, §21, and with 
giving a clearer notion of the essence of niultiple- 
valuedness. This is accomplished in the fourth cha|)t;er 
by means of a very simple and, just for this r(‘ason, 
remarkably ingenious idea, tliat of* the so-called liie- 
mann surface. The construction of these surl‘a(;es is 
illustrated using the simplest multiple-valued functions, 

■v/g, logg, V(g - ai)(g - a^j • • • (2 - a,.). 

In the fifth chapter, a particularly important anti there- 
fore also especially well-investigated class of multi[)lo- 
valued functions, the class of algebraic fmdions, is 
treated in somewhat greater detail. 

With the aid of the concept of the algebraic singu- 
larity acquired hereby, all gaps still contained in our 
definition of the complete analytic function or of the 
analytic configuration, given in I, pp. 102-103, are 
finally filled in chapter 6. Thus is obtained in its com- 
plete generality the notion of the analytic configuration. 
This admirable concept, occupying the center of our 
considerations from the very beginning, though by no 
means to be mastered in the first attack, is undisputedly 
one of the most profound and beautiful in all of mathe- 
matical science. 
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CHAPTER 1 

ENTIRE FUNCTIONS 

§L Weierstrass’s Factor-Theorem 

Tlie most important property of the entire rational 
functions is expressed in the fundamental theorem of 
algebra (see I, pp.113 and 139): Every non-constant 
entire rational function has zeros. Since e", for example, 
has no zeros (because = 1), the question formu- 

lated above seems immediately doomed to unfruitful- 
nesK. Upon further investigation of the core of the 
matter, however, we shall see that this is not so. Indeed, 
if 

{/(fz) = <Xo + -p * * • -f- j 

(m > 1 , 9 ^ 0) 

is an arbitrary, non-constant entire rational function, 
then it follows from the fundamental theorem of algebra 
that go(z) can be written in the form 

( 1 ) (iM = - • (— 

where Zj, , Zk demote all die distinct zfU'os of 

goiz)^ and ai, • - • , m d<ai()to tlieii' respective onlers. 
We express this as follows: 

(A) For every entire rational function there is a 
1 
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an entire function. The same is true of //'(s), so tliat 


TO 

II {z) " 


-f- CxZ -f- C/Z^ 


+ 


is also an entire function, and tins series is everywhere 
convergent. The latter also holds for the series 


&0 + C„2+|/+ +^2" + 

^ 71 


= ho hiZ hnZ^ ^ 

which accordingly represents an entire function, hiz). 
If we set then 


H,{z) 


= Co + CiZ + + 


TO 

Hizy 


and hence — // -Hi = 0. Consequently 

^ d ( H^(z) \ _ 

H'' dz \H (2)7 ’ 

and the quotient of the two functions Hi{z) and Hiz) is 
constant. *For 2 = 0 we find the value 1 for this con- 
stant. Therefore 


H{z) = H,iz) = Q. E. i>.* 

Having thus completely solved our problem for the 
case that no zeros are prescribed, it is easy to see the 

^The proof actually demonstrates the following: If two func- 
tions /(a;) and/i(z) are single-valued^ regular^ mfd distinri from zero 
in a region and if their logarithniic derivatives f'/f and Ji/f 
coincide there, then they differ in ® by at most a constant factor 
(which must, of course, be equal to unity if/ and /i have the same 
value at some point of ®). 
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extent to which an entire function in general is deter- 
mined by its zeros. If G^{z) and G{z) are two entire 
fime-tions wliicli. coincide in the positions and orders 
of their zeros, then (cf. I, §2.1, Theorem 4) t-heir 
quotient is also an entire function, but one with 
zeros. G{z) and Gq{z) thus differ (cf. statement (B)) by 
at most a multiplicative entire function with no zeros. 
Conversely, the presence of such a factor of Go{z) does 
not alter the positions or orders of its zeros. In connec- 
tion with Theorem 1, we express this as follows: 

Theorem 2. Let Go{z) be a particular entire function. 
Then, if h{z) denotes an arbitrary entire function, 

G(z) = ^Go(z) 

is the most general entire function whose zeros coincide 
with those of Go(z) in position and order. 

The question of the possibility and method of con- 
structing a particular entire function with arbitrarily 
prescribed zeros now remains to be settled. 

We must begin by restricting our requirements. An 
entire function has no singularity in the finite part of 
the plane; therefore, according to I, §21, Theorem 1, 
it can have only a finite number of zeros in every finite 
region. The prescribed points consequently must not 
have a finite limit point. If we make this single restric- 
tion, which is in the nature of things, we shall see that 
an entire function of the kind in question can always be 
constructed. It will be possible to set it up in the form 
of a product (analogous to the case of the entire ra- 
tional functions; cf. (1)) which exhibits the positions and 
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orders of its zeros. We have indeed th(‘ followin.ii: theo- 
rem, which is named afi.fu* its discov(‘r(*i': 

Weierstrass’s factor-theorem. Ld amj fuiik or in- 
finite net of poinin having no finite llinil point he prescribed, 
and associate with each of its points a definite positive 
integer as order. Then there exists an entire function 
which has zeros to the prescribed orders at precisely the 
prescribed points, and is otherwise different front zero. 
It can be represented as a product {see p. IH for the final 
form) from which one can read off again the positions 
and orders of the zeros. Further, by Theorem 2, if (Ifz) is 
one such function, 

G{z) = 

is the most gerieral function satisfying the conditions of the 
problem, if hfz) denotes an arbitrary entire f unction.^ 

If we regard this fundamental thcoreiu for iJie mo- 
ment as having been proved, it follows immediately 
therefrom, that the first of our two statemente conccirn- 
ing the entire rational functions can also be carried over 
to arbitrary entire functions. For, let G(z) be an arl>i- 
trarily given entire function. Then tlie set of iis zeros 
has no finite limit point. Hence, according to Weier- 
strass^s theorem, another entire function Gifz), having 
precisely the same zeros in position and onler, can l)e 
constructed in the form of a product displaying tliese. 
Then, by Theorem 2, 

G(z) = 

Uf the entire function to Ije constructed is to have no zeroH, 
then the factor Go(z) is to be suppressed, i.e., replacijd hy unity, 
which is nevertheless an entire function with the prescrilKjd ze.roH. 
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where ho{^) denotes a suitable entire function. We have 
thus actually obtained a factor represetitatmn of the 
given cuitire function G(z), from which the positions and 
orders of its zeros can be read off. 

The two statements (A) and (B) concerning entire 
rational functions have herewith been carried over 
verbatim to arbitrary entire functiouvs. 

The next paragraph is devoted to a proof of Weier- 
strassts factor-theorem. 

• s iri iz 

Exercises. 1. is an entire function with no 

~ 1 

zeros. (Proof?) Kence, according to Theorem 1, it can 
be expressed in the form How should h(z) be 

chosen? 

2. cos iz and + 1 have the same zeros in position 
and order. (Proof?) By Theorem 2, the second function 
can be obtained from the first by multiplying it by a 
suitable factor of the form How should h{z) be 
chosen? 

§2. Proof of Weierstrass’s Factor-theorem 

As we have already pointed out, the entire function 
satisfying the conditions of Weierstrass^s factor-theorem 
will be set up in the form of a product; in general, in the 
form of an infinite product. As with infinite series, we 
shall assume that the simplest facts in the theory of 
infinite products with constant factors are familiar to 
the reader. 

Since, however, these are not so universally well- 
known, and in order to provide a firm foundation for 
what follows, we present very briefly, without proofs, the 
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most imi>orUuit (Icfuiitions and theoroins for our pur- 
poses. ^ 

Definition. The Infitufc i^rodiicl 

(1) Ml u, • ■ ■ = n w-i 

in which the factors are arbitrary complex numbers, is said 
to be convergent {m the stricter se7tse) if, and ofdy if, 
from a certain index on, say for all v > vi, no factor 
vanishes, and 

lim * * * k) 

exists and has a finite value distinct froyn. zero. If we call 
this limit U„„ then the number 

U = Ul'Un Uyn’Uyn 

which is obviously independent of m, is regarded as the 
value of the infinite product (1)/ 

^Detailed proofs are given in K. Knopp, Theorn and Applicution 
of Infinite Series, translated by 11. CX Young, London and 
Glasgow, 1928. 

^With reference to the corresponding definition for infinite 
series, one might already l)e inclined to call the prcidiict fl) con- 
vergent with the value U if 

lim {ui -uz " * ii») » U, 

n-»-oo 

But then every product in which only a single factor vanishes 
would evidently be convergent, and always with the same value 
zero. Likewise, every product such that Iwi. | < 0 < 1 for all p > m 
would be convergent, and ahvays with the same value zero. T<) 
exclude these cases w'e employ the more useful definition above, 
and, if necessary, draw attention to the rest rid ion it eontaiuH 
by adding: ‘‘in the stricter sense”. 
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The following theorems are easily proved for such 
convergent infinite products : 

Theorem 1. A convergent product has the value zero if, 
and only if, one of its factors vanishes. 

Theorem 2. The infinite product (1) is convergent if, 
and only if, having chosen an arbitrary e > 0, an index Uq 
can he determined such that 

I 'an+i'Un + 2 Un.^r ~ 1 | C 

for all n > no and all r > 1 (cf. I; §3, Theorem 4). 

Since on the basis of this theorem (let r = 1 and 
71 + 1 = j;) it is necessary that lim u^ = I, one usually 

sets the factors of the product equal to 1 + so that 
instead of dealing with (1) one is concerned with prod- 
ucts of the form 

(2) n (1 + 

For these, then, 0 is a necessary (Jbut by no means 
sufficient) condition for convergence. 

We make use of the following 

Definition. The product (2) is said to be absolutely 
convergent if 

n (1 + 1 c. I) 

i»=«i 

converges} 

^''Fhc (h'firnt.ion finsf, .suj^gost..s itself: ‘Tr//.„sha,n Ik; c-Mlled 

jibsolutcly convcrg(;nt. if II | ^,,1 converges,” is not to the purpose;, 
since then ever// convergent product would at the same time con- 
verge absolutely. 
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Wc tlien have 

Theorem 3. Absolute convergence is a sufficient condi- 
tion for ordinary convergence] in other words, the con- 
vergence o/n(l + I Cp I) implies that ofTl{l + of). 

On the basis of this theorem it will be sufficient for 
our purposes to have convergence criteria for absolutely 
convergent products. The following two theorems settle 
completely the question of convergence for these 
products: 

Theorem 4. The product 11(1 + y,), with y, > 0, is 
convergent if, and only if, the series S 7 , converges. 

Theorem 5. For 11(1 + c,) to converge absolutely, it is 
necessary and sufficient that 2c„ converge absolutely f 

The following theorem is analogous to one on abso- 
lutely convergent series: 

Theorem 6 . If the order in which the factors of an abso- 
lutely convergent product occur is changed in a completely 
arbitrary manner, the product remains convergent and 
has the same value 

^According to this, n(i — {z^jv^)), for exanqle, ih abnohiidy 

convergent for every value of z, because the Kerien 2l2“/V*| «» 
\z\^ X{l/p^) coiiverges- 

“In other words, tlie conimntatwe law liokln for alwolutdy con- 
vergent infinite produces as well an for produchs having only a 
finife number of factors, llii.s Is not true for noieab.sohifelv 
(•onv<‘rg(‘nt products. On the other hand, the ivimwinlivv /n/r holds 
for all eonv(u-gent. products, i.c,, one may, in an arbitrary manner, 
group consecutive factors into one by means of parenthescH. 
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In addition to products with constant factors, we 
need products whose factors are functions of a complex 
variable s. We shall v^rite these products in the form 

(3) fl (1 + /.(2)). 

Analogous to the considerations in I, ch. 6, we designate 
as the region of convergence of such a product the set SJi 
of all those points z which (a) belong to the domain of 
definition of every fpiz), and for which (b) the product 
(3) is convergent/ According to this, the product fur- 
nishes a certain value for every ^ of 2JJ; we say, there- 
fore, that the product represents in a certain (single- 
valued) function. For our function-theoretical purposes, 
it is again (cf. I, §19, Theorem 3) particularly important 
to possess useful conditions under which such a product, 
in its region of convergence, represents an analytic 
function. The following theorem is adequate: 

Theoxem7. Let f I (z)jf 2 (z), • • • • • • he an infinite 

sequence of functions, and su'ppose a region @ exists in 

which all these functions are regular. Let ^ | f^{z) | he 

uniformly convergent in every closed subregion ©' of ® 
(cf. I, p. 74). Then the product (3) is convergent in the 
entire region and represents a regular function f(z) 
in ®- Moreover, this function, by Theorem 1, has a zero 
at those, and only those, points of ® at which at least one 

CO 

^For instance, the region of convergence of ][][ (1 — is 

v-l 

V 

the entire 2 -plane, according to the last footnote but one. 
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of the factors is equal to zero. The order (f sncli a zero is 
equal to the sum of the orders to irhirh these f (fetors^ rauish 
there. 

Proof: Let be an aiPilrury (^losc^d subn‘ji;ioii of {sS, 
For every m > 0, 

X) I fM I , along with X i I M I > 

V m -f- 1 v I 

converges uniformly in ]iy Theorem .5, th(‘ [ircjcliiet 

(4) _ (1 + M?)) 

is absolutely convergent in W', and r(?pr(‘s(‘nls a certain 
function there. Let us call this function F„fz). Now, 
choose the number m such that 

(5) I fn+liz) 1 + I fnh^iz) I + • - * + I /„^,(^) I < § 

for all n > m, all r > 1, and ail z in (5)' (tins is possil>le l)y 
I, §18). Then F„Xz) is actually regular and distinct from 
zero in indeed, if, for n > m, we set 

fl (1 + /.(z)) = Pn and P„ = 0 

V » m 4- 1 

for abbreviation, we have 

Pm(z) = lim 

= lim [(F.«-P,„) + (F„..-P„*.)+ • • • +(P„-P„-,)J, 

n™+co 

^The j)roof will show that there are only a hiate luiinhcr (#f 
fa(;k>r,s in question. * 
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or 

(6) FM) = E ^ (P» - P.-.J, 

and Fm{z) is thus represented by an infinite series. Now 
the theorems of I, §19 bring us rapidly to our goal. 
Since, for n > m, 

|Pn I < (i + \ h.Uz) I) ••• (1 + I UZ) I) 

gl/«. +i(a) l + -*‘ + l/«(2) I ^ ^ < 2 ^ 

the inequality 

|P, -/Vi I = iP.-i l-l /.(^) I < 2 I I 

is valid for the terms (from the second onward) of the 
series just obtained. Consequently, the new series (6)^ 
along with Z \ jv{z) |, is uniformly convergent in and 
the function Fm{z) defined by that series is a regular 
function in ®'. It is also distinct from zero there. For, 
by (5), we have in ®', for n > m, 

1 U..{z) I < i 
and hence, for v > m + I, 

I 1 + fM I > 1 “ 1 fM 1 > i 

so that no factor of Fm can be equal to zero. Since 

m ^ (1 + jM ••• (1 + 

J(z), together witJi FJz), is regular a,t ev(‘ry |)(>iiH ,2 of 
and can vanish, a.l. sindi a point only if oin^ of tlie 

> 0, 1 + x' < 1 + .c + xV^! + - • • = 
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factors appearing before vanishes. The order of 

such a zero is then indeed equal to the sum of the orders 
to which these factors vanish there. 

Now let z be an arbitrary point of ®. Since z is eo ipso 
an interior point of it is always possible to choose W 
such that z also belongs to Hence, the abovcj con- 
siderations are valid for the entire region and the 
proof of the theorem is complete. 

Corresponding to the further content of Theorem 3 in 
I, §19, it is also possible to make an assertion concerning 
the derivative of/(; 2 :). Since the ordinary derivative of a 
product of man 3 ^ factors is difficult to survey, however, 
it is more advantageous to choose tlie so-called loga- 
rithmic derivative^ for this purpose. 

We then have the following theorem concm-ning this 
derivative: 

Theorem 8. Under the hypotheses of Theorejn 7, 

^ ^ 1 + iM 

for every point z of @ at which f(z) 7 ^ 0; ix., the series 
on the right is convergent for every such z and furnishes 
the logarithmic derivative of f(z). 

Proof: If z is a particular point of the typci mentioned, 
and if the subregion is chosen so as to contain 
then 

^Thi.s is defined as ordinary d(‘riva(iv(: divided Iiy ilic 
original function. If -= {!i(z)'{h(z) ••• gdz), imd if all file 
lactors are different iable and distinet from zerij af then 

h ( 20 ) {/i(zoJ Vsfzo) f/k^Zo) 
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( 8 ) 


f'iz) 

m 


1 + fi(^) 


+ 


fUzl , FUz) 

1 + .L(2) Fj,zy 


SincG the series (6) converges uniformly in 


FL(z) = T. (Pi- Pi-0 = lim PL, 

y^m+l 7i-»oo 


according to I, §19, Theorem 3. Here P' denotes the 
derivative of P„.^Since F^(z) and all P„ for n > m are 
not zero, 


EM ^ 


lim 


P' 

■fn 


liraf’ 




+ /tn + l(2j) 


I /»(^) 

1 + fnOO 


— /^(^) 

1 + fM 

which, with (8) , proves the assertion. 


Theorem 9. The series (7) converges absolutely and 
uniformly in every closed subregion of ® containing 
no zero of f{z), and hence may be repeatedly differentiated 
there any number of times term by term. 

Proof: Since none of the factors {1+ fv{z)) can vanish 
in the absolute value of each remains greater than 
a positive bound\ 7 „ say. vSince this is certainly greater 
than 1/2 for all f > m (see above), a positive number 
7 exists, such that 7 ^ ^ T > 0 for all v. Then, for all 
V and all z in 


m 

1 + f.(z) 


< h I Si(z) I- 


d^or, 1 1 ~|- fv{z) I, as a continuous function, atlaim its greatest 
lower bound, and this cannot be zero in 



16 


ENTIRE FUNCTIONS 


From the proof of Theorem 3 in I, §19 (eh*, also hlxercise 
2 there) it follows that fi(z) | converges uniformly 
in By tlie last inequality, this is also i-nie tlien of 
the series (7). 

Having now familiarized ourselves to some extent 
with infinite products, it is an easy matter to prove 
W eierstrass’s factor-theorem. 

If only a finite number of points Zi, Z 27 * • * , Zk with 
the respective orders ai, 012 , * • * , oj* arc prescribed, then 
the product 

( 1 ) •" 

is already a solution of the problem, so that this ease is 
settled immediately. If, however, an infinite 7mmber of 
points are prescribed as zeros, we cannot i>rocced quite 
so simply, because the analogous product would be 
meaningless in general. This would still be the case if, 
with regard to the infinite products dealt with, we were 
to replace (1) by the product 

which serves the same purpose. We therefore proceed 
somewhat differently — and in this modifi(;ation lies 
the originality of Weierstrass^s method. 

The set of prescribed points is enumerable^ (see I, 
p. 10), since every finite region can contain only a finite 
number of them. They can therefore be arrarigCMi in a 
sequence.^ The w'^ay in which the points are numbered is 

vphis can be done, e.g., by describing circles about tb(! origin 
with radii 1, 2, 3, * • *, arranging the points as they appear in th(‘ 
consecutive circular rings, and ordering those (f>iily finitci in 
number) which lie in the same ring, according io any rule. 



PROOF OF WBIBRSTRASS’S FACTOR-THEOREM 


17 


unimportant* However, if the origin, with the order ofo, 
is contained among them, we shall call this point Zq and, 
leaving it aside for the present, arrange the remaining 
points in an arbitrary, but then fixed, sequence: 
Zi, Z2, • * • , • • * • Let the corresponding orders be 

aj, a2j * * • , O',, • • • . The Zy are all different from zero; 
and since they have no finite limit point, 

2 , + CO, 

Consequently, it is possible (indeed, in many ways) to 
assign a sequence of positive integers /ci, ^2, * • • , • • • 

such that 

® I “-ter 

is absolutely convergent for every z. In fact, it suffices, 
e.g.\ to take = j/ + a^. For, no matter what fixed 
value z may have, since z, <» , we have for all suffi- 
ciently large v 


and hence 

if < «. < C)% 

and the absolute convergence of the series is thus 
assured. 

Let tlie numbers hy be chosen subject tp this condi- 

iMuch smaller numbers will often do. 

2a/2“ < 1 for every natural number ce. 



IS 


KNTIUIC VUNCrJONS 


tion, but otherwise arbitrai-ii^s arui keep th(!m fixed. 
Then we shall prove that the product^ 


= 2“”-n i (i -5 

A^p, 



(Weierstrass’s factor-theorem) 

represents an entire function with the re(|uired proper- 
ties^ (Here tlie factor 2 ;"“ appeai-inp; before the product 
symbol is to be suppressed in case thci origin is not one 
of the .prescribed zeros (see al)OV(0. Likewise, if one of 
the nuinbers kp is equal to unity, the con-(.‘.sponding 
exponential factor simply does not. ap|)ear.) 

The proof of this assertion is now very simple. 'Fo be 
able to apply our theorems on })r<)di,iets, we set the 
factors of our infinite product (‘fpial to 
According to Theorem 7, we must them merely |:>rove 
that 


(4) 


H I I vie) 


t [(. - I;). 


\z , , 1 ( z 

■“ni;+ ■■■ +— lU 


lA'j.-O ”1 


^Ve sliall find it convenient soiiietimcH to write exp z iriKteiid 
of 

“I’he (‘xpoiienti.'ds i!i the l>nu‘t-et.s ensun* Hie eonver^(*rie(* of 
the produel, whieh would, in f»;(uiend, diverro without there, 
'they an; therefore ealhal the ninritruriirv^imnUiri mj ftirlttr.'. 

Wei(‘rstras.s enlled the expn^K.sioiKS in th(^ braek(‘ts iH'iiitanj 
f actor. s. 
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converges uniformly in every bounded region. For then 
the entire plane can ])e taken as the region @ of Theo- 
rem 1 j according to which the infinite product, and 
consequently also G(^{z)y is an entire function. On ac- 
count of the form of the factors of Gq{z)j the second part 
of Theorem 7 at once yields that Gq{z) also possesses the 
required properties. The uniform convergence of the 
series (4) in the circle about the origin with radius 
R (R > 0 arbitrary, but fixed) is established as follows: 

Since the series (3) also converges for z = R, and since 
> CO ^ m can be chosen so large that 


(5) 


< 


and 


R 


for all V > m. Let us for the moment replace by 
ky by /c, and by a. Then, for v > m, the pth term 
of the 'Series (4) has the form 

[(1 -w)exp{t4 +|-+ +^^}] -1 


with 


I w I < I and 
u\^ <i. 


Now for I 1 < 1 we can set^ 



the series in the exponent on the right has for its sum 
the principal value of log (1 ~ u). 

According to the theorem formulated on p. 4, footnote, this 
simple fact also follows from the coincidence of both sides for 
w == 0 and the equality of their logarithmic derivatives for all 
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SO that this pUi tonn is farther c<}ual to 


exp 



h + 1 


and hence^ 


< exp ^ 


+ 


< exp \a 1 u |*(1 + 1 I + i I* + 1 


< e“ 


1, 


because \ u \ < Further, since e”" ~ I < xe"" for 
^ ^ 0,^ the j^th term is less than or (Kiual to 

2a \u < e>a\u l^ 


the exponent of e being smaller than one, xiecording to 
(5). Hence, for all sufficiently large p and all \ z \ < R 
we have 


f,(z) I < Cya, 


< ()a, 


But these arc positive numbers wliose sum convergfts 
(because of the manner in which the A:,, were (jliosen). 
Therefore, by Weierstrass's If -test, I, §18, 1 f„(z) | is 

uniformly convergent in the circle with radius It about 
the origin as center, and so the proof of the Weierstrass 
factor-theorem is complete. 

— l\ < \w\ + •• ““ I for every 

complex riumbex* w, 

- 1 « ;r -f zy2l 4- • * ’ « a:(l -f a:/2! 4- :rV3! + •-) < 

xe^. 
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Exercises. 1. Prove Theorems 1-6. 

2. Establish the convergence of, and evaluate, each 
of the following products with constant factors: 



n{n + 2) 




n{n + 1) 


3. Determine the region of convergence of each of 
the following products: 


a) n (1 - O: b) n (1 + 2^; C) n (l - i;); 

n-1 n«0 n-2 \ Tl ^ 

cl) n 1 - h), if p runs over all the prime numbers; 

V ^ p*/ 

00 

e) n (1 + Cn 0 ), if SCrt is an absolutely convergent 
1 

series. 

4. Prove the following formulas: 

a) n ^ (of- 3 c and d); 
p 1 — p ,«*i n 

b) n (1 + O = f” (cf. 3 b). 


5. What values have the coefficients M.t on the right- 
hand side in the equation 


n 




in wliich p again is to run over all the prime numbers. 
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6. If Zi, Z 2 f • • • , s«, • • * is any sequence of numbers 
which tends to oo ^ then, if all 0, 



is convergent for eveiy z. Hence, wliat sinallcn* numbers 
/x% can one always clioose in the proof of Weiersti-ass^s 
factor-theorem instead of the ones in the text? 

7. Prove the following transfer of W(ur‘r.strass\s 
factor-theorem to the region of the unit circ^Icu 

Let Zi, Zz, • ’ • , Zn, • * * be an arbitrary scHjuence of 
distinct points inside the unit circle, wliich have no 
limit point in the interior of this cir(‘.Ie (b\it only on its 
circumference). Let az, • • ’ , ^n, • * * l)e a sequence 
of arbitrary positive integers. Then it is always possible 
to construct a iimction f(z) (and indeed, in a form closely 
analogous to the Weiersira.ss product) wliich is n^gular 
in the unit circle, and tlierc has zeros of the orders at 
precisely the points z^, respectively, (and no others), 

8. With the aid of the preceding theorem, construct 
functions which hav(j the unit circle for a natural 
boundaiy. 

§3. Examples of Weierstrass^s Factor-theorem 

Since the formation of entire functions with prc‘- 
scribed zeros is extremely simple— it was only some- 
what more laliorious t o carry out carefully all t-h{* proofs, 
one can easily construct any numlxa* of r‘x.*nnplcs. 

The product is simplest if the pr(*scrih<*d zf‘ros ami 

orders arc sucli, that the scries 2) ; % consiuimudl^', 
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for every 0 , the series 2 converges absolutely 

for our sequence 22 , * * * . For then it is possible to 
take all hy = 1, and the desired function is obtained 
simply in the form 

Go( 2) = 2“”-n (1 - - 

If, e.g., the points 0, 1, 4, 9, — • are to be zeros 

of order unity, then 

G{z) = -4). 

with h(z) an arbitrary entire function, is the most gen- 
eral solution of the pi'oblem. If the points 1,8, • • • , 

• • • are to be zeros of respective orders 1, 2, • • • , 
V, • • • , then 

G{z) = - 4 

is the most general solution. 

In addition to these simple examples, whose number 
is easily enlarged, we shall now present several applica- 
tions of the factor theorem which are of particular 
function-theoretical importance. 

1st Example: sin rz. Consider the problem of con- 
stniciing a,n (iitir<‘ fuindion whicli has z(m*os, of ord(‘.r 
unity, a.t i)rcci.s(‘Iy a,li th<‘ real lattice points (ite., at 0, 
zt I , • j- nuinhci* these })oints so tliat ;''o = 0, 

“f“ 1;^2 ““ Ij ••• y Z2y~ I ^2 V ■■■ , 
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(v = 1, 2, •)• The s(^rie.s 

i; (r)’ - i: i 


is absolutely convcr»;ent for evc^ry z, and w{‘ can ilujre- 
fore take all k, = 2. Them 


G{z) = 




e 'Z' 


= n (l 



z‘ 


1 + I e 

V 


is the most general solution of the prol vleni. 

Since the function sin irz is evidently also a solution 
of the problem, it must be contained in f hci r*\'pression 
just found. That is, th(‘rc exists a certain entire func- 
tion, which we shall call hn^z), such that 

(1) ^ sin TTZ = fi — -A 

yml \ V f 

If we succeed in obtaining this function /oiC^), we shall 
have the jacior re/presentation of sin ttz in the sense of 
§1 (see p. 6). 

The function h^iz) certainly (uui not hr^ a^seertaiiUHi 
from a knowledge of the ;!;cros alone. On fiat contrary, 
for its determination wo must ina-ke use* of furl her prop- 
erties of the partieula,!’ ftinction sin ttz; e.g., its pow<‘r- 

tnin.sfornint.ioii.s Mrc justified neennlin**: to p, 10, fonjriole 
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series (expansion, its periodicity properties, the con- 
formal ma|> effected by it, its behavior cat infinity, etc. 
Wo sketch !)riefiy a inctliod for determining 

First, we show tliat ho(z) is a constant. According to 
§2, Theorem 8, it follows from (1) that 

(2) TT cot TTZ = h;,{z) + 7 + y ( — -- H 

z \z — V z + P/ 


According to Theorem 9, this expression may be differ- 
entiated repeatedly term by term. Thus, 


- = }4'(z) - k 

sm TTZ z 

or, written more briefly, 

h'«'iz) = E 


4 - 


t \{z — v) {z + v) 


I v))’ 


(z — siiiV^!* 


This relation holds in every closed region which con- 
tains no real lattice points. If we replace 2 : by 2 : + 1 in 
the right-hand member, it is not altered; because 
sin^TTS has the period + 1, and 

4 m I + «> -f 4 00 1 

+ 1 - vf ~ -{v - 1 ))“ “ - flf 

^llere we are concfsrned with a typical question'. One has two 
analytical expressions: Ai(z) and A 2 ( 2 )^ say, as in the present 
case the already familiar power-series representation of sin ttz on 
the one hand, and the infinite product 2 : * 11 ( 1 — {z^/v ^) ) on the other. 
In the course of an investigation, one is led to the conjecture that 
both expressions represent the same function or stand in some 
simple relationship to one another. How can this be proved? 
The determination of ho(z) carried out in the text shows that 
even in the present apimreritly very simide instance such an 
identification is not very easily made. 
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Hence, K{z) is an entire fvmction with ilu^ +- K 

In ordc3r to show Uiat Kiz) is a constant, it is snthci<*nt, 
l)y I, §28, 1, to show that | hl/iz) | cannot Ih'comic arhi- 
trai'ily large. On account of the ptiriodicity of h'!(z) 
which we just established, it is sufficient, for this pur- 
pose, to show that a constant K exists such that 
I hl)'[z) I < K for all 0 = 0 ; + iy for which 0 < x < 1 
and \ y \ > 1. 

Now for these z^ 

i < Y' 1 < 2 

— vf " — vY + if “ ,f^, 71^ + ' 

and, since sin ttz = ~ 

8in\z _ 2 27r.r ^ ^ 2 


for those z. Consequently, 


K'(z) < 2 


Sr/ 


+■? + 


At 


there, and this expression certainly rcanains less than a 
fixed bound for all | 2/ 1 > 1- Hence, 

h!/{z) = constant. — c/'. 

According to the inequality just obtainc‘d, | | is 

arbitrarily small if | 2/ I ^s sufficiently large; hence, c'' 
must be equal to zero. Therefore 

hoiz) = 0, hu{z) = constant = c\ 

and hence by (2) 

TT cot TZ c' + - + S ” 2 — - 
z fzi z p‘' 
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If we substitute —z for z in this equality, we see that 
d = — c', and hence c' = 0. Then and are 
also constant. Therefore 

sin 'KZ = o-Z' n 

If we divide through by z and allow 2 : to approach zerO; 
we obtain tt = c. Thus, 

sin TO = re- n (1 - p'j, 

valid for all z^ is the product representation of the sine- 
function ^vhich we set out to find. 


2d Example : Weierstrass’s cr-function. Let co and oj' 
be two non-zero numbers whose ratio is not real (or: 
which do not lie in a straight line with the origin). 
Then an entire function is to be constructed having 
zeros, of order unity, at all points of the form 


Izo) "f" Iz'oo^ ^ 


^ = 0, ±1, zh2, * * • 

= 0, zbl, ±2, • • * , 


and at no other points. 

Draw the straight lines L, U joining the origin to the 
points 0 ), respectively (see Fig. 1). Mark the points 
kw on L and k' 03 ' on L', and through each of these 
points draw a line parallel to L', Lj respectively. The 
points of intersection of these two families of parallel 
lines are precisely tlxci given points /cw + /c'co'. They are 
the ^^laiticc poinis of a network of parallelograms^^ de- 
termined l,)y CO and co'. 

We can enumerate these lattice points in the follow- 
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Fig. 1. 


ing manner- Consider the parallelograms wh.ose centers 
lie at the origin, and whose sides are parallel to L, U 
and have in turn the lengths 2a), do?, Ow, So), ' - • , 
2a)', 4-0)', Go)', So)', * • • , respectively. These sidfis are 
indicated by interrupted lines in Fig. 1. Now, start 
with the point O, and number the points lying on the* 
sides of the successive pa.ralk‘Iograins; beginning on each 
parallelogram with the point /coj, and traversing tin? 
jiarallelogram in thc^ mathematically posif ive scnisc*. W(* 
thus obtain a sequence of lattice poinf^s, wlu'ch bf‘gins 
with 
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0, CO, CO + Co', Co', —CO -f- Co', —CO, —CO — co', — co', 

CO — co', 2cO, 2c0 + co', 2c0 H“ 2co', • • • . 

Keeping the points in this order, we denote them by 
s,), Zij Z 2 , ■ • ■ . First we shall show that the series 



is absolutely convergent for every 2 :. Let us number the 
parallelograms, along which we just counted the lattice 
points, the 1st, 2d, 3d, * • • according to size. On the 
7 >th one of these lie precisely 8p of our lattice points, 
whose a]>solute values, moreover, are greater than or 
equal to p/q if h denotes the smaller of the two altitudes 
of the ^^fundamental 'parallelogram^ ’ with vertices 0, 
02 , 0 } + ctj', co'. Hence, the points of the pth parallelo- 
gram contribute to the series ^ an absolute 

value which is less than or equal to 


fi£iy ^ 

\ ph ) id v" 


Since 2(l/p^j converges, the series above also converges 
absolutely for every z. It is therefore sufficient to take 
all A:, = 3 in the Weierstrass product, and 



is, with the meaning given to the 2 ^, an entire function 
witl Weierstrassian 



30 


ENTIUR FUNCTIONS 


theoiy of elliptic functions, this fuiH'.iion is culled the 
Sigma-function belonging to the pair of pra-iods (w, w'), 
and is denoted I tv 


ff(z) = <r(z I -Jco, W)- 


Because of the absolute convergence of tlu^ product, tJie 
order in wliich the factors appear does not matter any 
more (see §2, Theorem G). Hence, without fui'ther 
establishing the sequence of the lattice ]:)oints, we can 
write 


= ^-n 


/to + k 

* 


(x(z I 

zW) 

z 


■h 


Im + 2 + 


Vto k/bif ) * 


Here k and k' take on independently of each other all 
positive and negative integral values and ixero, %vithout, 
^however, being 2:ero simiiltaneouBly. This last restriction 
is indicated by the accent after the product symlioL 


3d Example. Finally, we shall construct an (aitire 
function which has zeros, of order unity, at Zf, — C), 
2^ = ~ 22 == —2, • • • , 2, = — j/, • • • , and at no other 
point. Here it is obviously sufficient again to take all 
ky = 2, so that 

G(z) = e‘''>-z-n 

>-»l 

is the most general function with the required proper- 
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ties. It is closely related to the vso-called (Eulerian) 
Gamma-function, which, for real values of the argu- 
ment, is familiar to the reader from the integral cal- 
culus, and which was defined by Gauss for arbitrary 
complex 0 7^ 0, —1, —2, - by means of the limit 

l^z{z+ 1)(2 + 2) ■■■ (z + n) 

(ri^ = with log n real and positive).^ 

It is easy to see that this limit exists for all z in question. 
For if we write the reciprocal of thd expression under 
consideration in the form 

■=■■‘•■••4 +f)(‘ + i) ■■■(• + ;)" 

lAfter the elementcary functions, the Gamma-function is one 
of the most important functions of analysis. It is met with in the 
most varied investigations of pure and applied mathematics, 
from the theory of numbers to theoretical physics, so that an 
intimate knowledge of its analytical properties is absolutely 
indispensalde. 

The first study of tliis function is to be traced back to the prob- 
lem of interpolatimj the sequence of factorials 0!( *= 1), 1 !, 2!, • • • ; 
i.e., joining the points {v, v)) or (as one usually writes, following 
Euler) the points with coordinates t ==;/-}- 1, ?/ = ?/! (j/ = 0, 
1, 2, * * •) by as sirnide a curve as poSvsil.de. This is the problem 
of finding the .simplcvst rival function y = E(.t) of the real variable 
X, such* that y ^ p \ for x — v I, Euler gave UvS a solution the 

integral J* i//., which convm-givs for all 3^(s) > 0; Gauss, 

0 

t he limit meillioned in I lie Icxl,. l ioth solutions yield the sanu 
function for ' ■ {). For lack of .space must sip^pre.ss the 

proof of this last assertion. An (‘specially elmucntary proof has 
been given l)y A. Pring.sheim, Math. Ann. 31 (1888), pp. 45-5-481. 
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it is further equal to 

_exp {(l + I + • • • + ^ - log n)2 




Now, as is well known, 


lim 


n—t’cu L_ 


1 + I + 


+ 


lo^ n 


exists.^ Therefore, as n -"> «>, our last expr{‘ssion tends 

qt is immediately evident from < h<‘ fiemuf-tnrnl iuferpnd atirin 
of the integral ;is a plane :ir(‘a,, that 

n+l 

1/^i OLr/x) > \/(n d- 1) and lamee 


(1/n) - (1/(71 + 1)} > (\/n) 


• X d/.r/. 


0 


n « \ 

for every n = 1,2, • • •. If we set (1/a) >- /* (#/.r//) « then 

n 

0 <yn < O/fi) — (I /(/id- 1)). q’hen‘fore ■“ (’ is c-onvergent, 
with 0 < (J < 1. (kniBeciuently 

(ti d“ 72 d~ * * * d" rn-i) 

= U + (1/2) -f d“ (l/(n - I))l (iif/s) >(V 

i 

n 

and, since 1/// -> 0 and J' -= lf;g //, 

1 

[(1 d" *1;2) -f" *•* d- (1/n.O log /d ■ *(\ 

C is called hlul<‘r\s or Ma.schcroni’s cortstanf. Its valne lie. hit- 
tween zero and one; moi-e pnadsely: 0.3772 1 oOOpi • • • . 
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(iiciiuilly for c‘Vory z) to the value of the entii-e function 

K{z) = -s- n r(i + 5) 

which results from the solution of our last ^example by 
setting h{z) = Cz. Since K{z) is certainly different from 
zero for 0, — 1, —2, * • • , the Gaussian limit as 

formulated above exists and is equal to -—rr. It thus 

K(z) 

defines a single-valued analytic function, namely, the 
reciprocal of the entire function K(z). (For further 
details, see §6, 3d Example). 

Exercises. 1. Derive the values of the following three 
products from the sine-product: 

2 2 4 4 6 6 

l’3*3‘5*5*7’* 


(Wallis’s Product) 


2 

2 

6 

6 

10 

10 

14 

1 ' 

3 ‘ 

5 

' 7 ’ 

9 

11 ■ 

13 

0 

2 

4 

8 

10 

14 

16 


' 3 ■ 

■ 3 

' 9 ‘ 

9 

■ 15 ' 

■ 15 


2. Obtain the product expansions of the following 
entire functions: 

a) e" — 1 ; b) e" — rf"; c) sin z — sin Za; cos 2 : — cos Zq. 

3. Demonstrate the existence of entire functions 

which assume arbitrarily prescribed values Wi, , 

• at arbitrarily assigned points ^ 1 , ^ 2 , * * • , • * * , 

respectively, having no finite limit point. 
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§4. Mittag-Lefflier’s Partial-fractions-theorem 


Tlie fractional rational functions are coinpI<‘tely 
characterized in a purely function-theoretical riiariner 
by Theorems 1-3 in I, §35. ATi<‘il(.)gous to our procedure 
in the preceding chapter, we express tlie fundamental 
properties of these functions in the following two state- 
ments: 

(A) For every (fractional) rational function there is a 
so-called (leconvpodiion into partial fradions^ which dis- 
plays its i)ol(NS and the corresponding principal {)arts. 

Thus, lot fo(z) be the given rational function, and let 
^ij ^ 2 , • • * , its poles with the c(>rI•(^spf)^ding prin- 
cipal parts 


( 1 ) hM 



+ j + 




+ 


(z - z,Y 


(>'=1,2, ,k). 


Then we can set 


(2) /o(z) = gu{z) + hi{z) + h^iz) + • ■ ■ + hi{z), 

where gn{z) is a suitaljle erdirc ralionul function. We 
infer at once from this deconiposition into partial 
fractions, that evciy other rational function /(z) having 
the same polos with the same respective i)rincipal parte 
can differ from fn{z) in the term f/„(z) aloru!. FurflKir- 
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more, one can arbitrarily assign these poles and their 
principal parts. In other words: 

(B) It is always possible to construct a rational 
function whose poles and their principal parts are pre- 
scribed. This function can be represented as a partial- 
fractions decomposition which displays these poles 
and their principal parts. The most general function 
of this kiiid is obtained from a particular one by adding 
to it an arbitrary entire rational function. 

These fundamental facts concerning rational func- 
tions can again be carried over in all particulars to the 
more general class of meromorphic functions, whose 
definition we have already indicated in the Introduction, 
and which we shall now state more precisely. 

Definition. A single-valued function shall — without 
regard to its behavior at infinity — he called meromorphic , 
if it has no singularities other than {at most) poles in the 
entire plane. 

On the basis of this definition we have the following 
theorem: 

Theorem 1 . A meromorphic function has in every 
finite region at most a finite number of poles. 

For otherwise there would exist a finite limit point of 
poles, and this point would be singular, but certainly 
not a pole. 

According to this, the rational functions are special 
cases of meromorphic functions, and the entire hmctions 
must also 1)0 r(‘garc]ed as such. 

The function is nioroiiiori>hic: because in the 

sm z 

finite part of the plane it has a singularity, namely a 
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pole of order unity, only wherever sin has a zei-o. We 

see, likewise, that cot z = ^ -cos z and tan z are 

sm 

meromorphic functions. More generally, if G(z) denotes 
any entire function, its rocipi'ocal, \/G(z), is a mero- 
niorphic function (and h(‘nce, e.g., tlui function r(z) = 
1/K(z)j considered at the end of tlie prec(idirig para- 
graph, is meromorphic). For, l/G(z) has pohis (I)ut 
otherwise no singulaidtie.s) at those*, and only thosci, 
points at which G(z) has zei'os; and the orders of both 
are the same. If Gi(z) is an (uitire funedion which has no 
zeros in common with G(z), wa see that (h{^)/G(z) is a 
meromorphic function whosci poles coincide in position 
and order (although, in genei-a.l, not in their principal 
parts) with those of l/G(z)^ 

We now again set ourselves the problem which corre- 
sponds to the second statement (B). We propose to 
investigate whether, and how, one can cjonstruct a 
meromorphic function if its poles and tlie cornisponding 
principal parts are prescrihefl, and to what extent a 
meromorphic function is dtd.ermined by these condi- 
tions. 

This last question can be answcaxjd inunediatedy. If 
Moiz) and M(z) are two meromorphic functions which 

niiis last example represents the most gen(‘ral euKe; for tliere 
is the following Theorem: Erenj mem morphia funalvm f(z) ran 
be expressed as the quotient of two entire funations haring no saros 
in common. Proof: The pok*.s of /(z) have no finit.f* limit | joint. 
According to Weierstrass's facl.or-th(‘or(‘in, we can conHinicI an 
entire function <7(z) whose zaros coincide in position and order 
with the p(flv.,s of ffz). 'Vhon f(z)'0(z) is (‘vidontly an rniira fina*- 
tion, G'i(z). Honao, f(z) ~ (fi(z)/(i(z); and (iifzj lias no /.cro in 
common with G(z). 
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coincide in their poles and the corresponding principal 
parts, tlien tli.(‘ir dilTerence, M {£) — is evidently 

an cntirG fuiuition. ( V^nsequently, they differ by at most 
an (additive) entire function (^^a meromorphic function 
with no poles^'),. Conversely, since the addition of such 
a function to M^iz) does not alter its poles or the corre- 
sponding principal parts, we are able to say the follow- 
ing: 

Theorem 2. Let Mo{z) he a particular meromorphic 
function. Then, if G{z) denotes an arbitrary entire func- 
tion, 

Miz) = Mo(z) + G{z) 

is the most general meromorphic function which coincides 
with Mq{z) in its poles and the corresponding principal 
parts. 

There remains only the investigation of the possi- 
bility and method of constructing a particular mero- 
morphic function with arbitrarily prescribed poles. 

According to Theorem 1, the set of assigned poles 
cannot have a finite limit point. If this is excluded, 
however, then the problem posed can be solved without 
any further restriction. The following theorem is named 
after its discoverer: 

Mittag-Leffier’s partial-fractions-theorem. Let any 

finite or infinite set of points having no finite limit point 
he prescribed, and associate with each of its points a 
principal part, i.e., a ratio7ial function of the special 
form (1). Then there exists a meromorphic function which 
has poles with the prescribed principal parts at precisely 
the prescribed points, and is otherwise regular. It can he 
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represented in the form of a pariial-f racUom dmnnpou- 
tion {see p. 40 /or the final form) from witicii one can, read 
off again the poles along with their principal parts. 
Further, by Theorem 2, if Mn{z) is one such funclion, 

M{z) - M^{z) + G{z) 

is the most general funclion satisfying the comlitions of 
the problem, if G{z) denotes an arhilranj entire fund ion. 

This theorem solves the problem which eorriisponds 
to statement (B) concerning ra-tionnl fuiu'.i.ions. Let, 
us regard it for tlie moment ms having be(m proved. 
Then the solution of the problem c,orr(‘sponding to 
statement (A) also follows immediMt<.‘ly tlicrcfrom. For, 
let M(z) be an arbitrarily given incr()morphi(! function. 
Tlic vset of its poles has no finit(i limit pf)int. Ilencse, 
according to Mittag-Leffler’s theorem, another mero- 
morphic function, Mo{z), liaving the same |)oI<^s and 
principal parts as M(z), can ho const.ructeui in ihcj form 
of a partial-fractions decomposition displaying these. 
Then, by Theorem 2, 

M(z) = Moiz) + 

where G^iz) denotes a suitable entire function. We have 
thus actually obtained a decompo.sition of thci give'n 
meromorphic function M{z) into partial fractions, from 
which its poles and the eorr(\s|)onding priiHjipal parts 
can be read off. 

2i 

Exercises. 1. cot 2 and are two meromorphic 

functions which coincide in their poles and the corre- 
sponding principal parts. (Proof?) According to Theo- 
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rem 2, the first differs from the second only by an 
(additive) entire function. Find this function. 

2. The same for the functions 

1 , sm 0 

^ . and . 

2^ cos z ^ 2 

§5. Proof of Mittag-Lefffer’s Theorem 

If the function to be constructed is to have no poles 
at all, then every entire function is a solution of the 
problem. If it is to have the finitely many poles Zi, 
2 ^ 2 , * • • i with the respective principal parts 
/i2(i3), **• , ^*( 2 ), then evidently 

Mo{z) = hi(z) + h2{^ hk(^ 

is a solution. If, however, an infinite number of poles 
are prescribed, we cannot attain our goal so simply; be- 
cause the analogous series, now infinite, would diverge 
in general. Nevertheless, we can produce the con- 
vergence, as in §2, by means of a suitable modification 
of the terms of the series. 

To this end, we make exactly the same agreements 
regarding the enumeration of the poles as we did in §2, 
p. 17 in connection with the zeros. If the origin is a 
prescribed pole, we denote it by Zq and leave it aside for 
the time being. Let ho(z), hi(z)j • • • , h^{z)j * ■ • be the 
principal parts corresponding to the points 2o, * * ’ ? 

z^, • ‘ • ; h,(z) is understood to be an expression of the 
type appearing in formula (1), p. 34. Each of these 
functions /^C^), p = 1, 2, 3, • • • , is regular in a neigh- 
borhood of the origin. Its power-series expansion 

Kiz) = + • • • (f = 1 , 2 , • - .) 
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for this neighborhood converges for all | ^ 1 < 
hence, it is tinifonnUj convergent for nil | 

Consequently (for every v ~ 1, 2, 3 , •-■) an integer 
Uy can be detenniiied sucli tliat the rcniainder of tlie. 
power series after the n^th term remains, in absolute 
value, less than any preassigned positive number, e.g., 

. We denote the sum of the first terms of the series 

2 " 

by gv{z)^ Thus, <7,(2;) is an entire rational function of 
degree n^: 

g,{z) = + aY\ + • • ■ + = 1 , 2, 3, • ■ •), 

and for all | 2 ] < ^ | 2» | we have 

hM - g,{z) I < b 


Then 


Mo{z) = ho(z) + 23 [K(z) — g.{z)] 

(Mittag-Lefiier^s partial-fractions-theoreiii) 

is a meromorphic function satisfying the conditions of 
the theorem. (If the origin is not assigned as a pole, the 
term hoiz) must, of course, be omitted.) 

To prove this, we must merely show that tlie riglit- 
hahd side defines an analytic function having in every 
finite domain, e.g., a circle with radius R aliout the 
origin as center, exactly the prescribed .singularities 
and no others. 
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Now, 1 2 ;^ 1 —» + 00 . Therefore it is possible to choose m 
so large, that | | > 2iB, and hence R < J | 2 ;^ |, for all 

V > m. Then, for all | 2 ; | < 22 and all p > m, 

I 2 I < J I 2 :, I and consequently | hX^) — gX^) | < “. 

2 

Hence, for all | 2 ; | < 22, the series 

[K(z) - < 7 .( 2 )] 

p = jn I- 1 

IS (absolutely and) uniformly convergent. Since its 
terms are regular for [ 2 : | < 22 (because the poles of the 
hX^) with V > m lie outside the circle \ z \ = 22), it 
defines there a regular function which we shall denote 
by Fm(z). Then evidently 

Mo{z) = hoiz) +• X) “ qMI + F^(z) 


is also an analytic function which is regular in the circle 
with radius 22 about the origin as center, with the 
exception of those points in this circle which are poles 
with principal parts hp{z). The same is valid for every 
finite region, because li was completely arbitrary; and 
hence, Mo ( 2 :) is a meromorphic function with the re- 
quired properties. 

From the proof it follows that it is sufficient to take 
the degree tip of tlie polynomial (jp{z) (the sum of the 
first rip terms of the power series for lip{z)) so large, that, 
having chosen an arbitrary R > 0, the terms | hp(z) ~ 
gyiz) I for all 1 2 ; I < 22 finally (i.e., for all sufficiently 
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large v) remain less than the terms of a convergent 
series of positive terms. 

Exercises. 1. Does the Mittag-Leffier theorem still 
hold if the prescribed principal parts contain an infinite 
number of negative powers? How do the theorem and 
its proof read then? 

2. In connection with Mittag-Leffier's theorem,, can 
one assign the ascending part of the Laurent expansion 
— or at least a finite number of its terms — at all points 
Zy (or at several, or one)? 

3. The Mittag-Lefller theorem, like the Weierstrass 
theorem (see §2, Ex. 7), can be carried over to the unit 
circle. Formulate and prove the theorem indicated. 

4. Solve Exercise 3, §3 once again, with the means 
that have now been developed. 


§6. Examples of Mittag-Leffler’s Theorem 

At times, the ^^convergence-producing terms’^ g^{z) 
are not at all necessary; cf. the analogous case in con- 
nection with Weierstrass’s theorem. Then, of course, 
the function to be constructed is especially simple. If, 
e.g., the points 0, 1, 4, • • ♦ , • • • arc to be poles of 

order unity with respective principal parts then 





is a solution. For, let R > 0 be chosen arliitrarily, and 
m > V2R. Then the series from p = w + 1 on is 
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evidently uniformly convergent in | 2 ; | < 7^/ which, 
proves our assertion. 

We proceed to construct meromorphic functions 
corresponding to the examples in §3. 

1st Example: cotxz. The real lattice points are to 
‘l')p poles of order unity with the residue +1, and hence, 
with the principal parts 

Kiz) = {zq = 0 , Z2V-1 = V, Z2. = — p). 

For V = 1, 2, 3, 


and it suffices to take all n, = 0, and hence, 

g.{z) = - 

because then for all sufficiently large v (namely, for 
all V > 4:R) and all | z [ < 72, 

I hM - I < I 2 J (I 2^ I _ /J) < 

SO that the | hy(z) — gy(z) j finally remain less than the 
terms of an obviously convergent series of positive 
terms. Consequently, according to the concluding re- 
mark of the preceding paragraph, if G{z) is an arbitrary 
entire function, 

q^ecjiiiLse for v > rti and \z\< R wq have 

\l/{z — V") 1 < Ijiv^ — K) < l/C'** — — 2/v^. 
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M{z) = G{z) + -+ T, 

Z ^ 1 



= -f- h 2^ + " 

+rr^“ “ ~1) 

\_Z '•T V vj/ 

= <?(z) + - + £ f— - + —r~ 

z — V z + pj 

is the most general function of the kind required. 

The function cot ttz also has poles of order unity at 
the points 0, ±1, dz2, • • • (cf. I, p. 126, 3). If n is one 
of them, the residue at this point is 

(z - n) cas TZ _ (s — ra)[(-l)'‘ + • • •] _ j. 
„„ sin7r« (_i)V (2 - n) + 

which can be read off immediately from the indicated 
series-expansion for a neighborhood of tlie point z ~ n. 
Hence, the function tt cot ttz is contained among the 
functions M(z) which we just constructed. 

We have thus arrived at formula (2) of §3 from an 
entirely different direction. The still undcitermined 
entire function G(z), which th(n'e was calk^l ho(z), 
cannot be ascertained solely from the nature and posi- 
tion of the poles. We should, as Ijefore, have to make 
use of special properties of the function in (piestion. 
However, in determining the product for sin ttz, we 
have already discovered that we have to set hf)(z), that 
is, G(z), equal to zero. Therefore 

^ 1 , I 1 , 1 

TT cot TTZ h ( + — “ — 

2 — P ^ + Z'. 



EXAMPLES OF MITTAG-LEPPLEK'S THEOREM 


45 


is the partial-fractions decomposition of the cotangent- 
function. 

2d Example: Weierstrass’s ^-function. We shall 
construct a meromorphic function which has a pole of 
order two with the principal part 

K(z) 

at each of the lattice points z„ = /cco + /c'co', {v ^ 1, 2, 
3, • • •)) described and enumerated in §3, Example 2. 
For p = 1, 2, 3, • • • , 


h.(z) (I 




^ + 2j + 3j + 

Zy Zp Zy 


and it is again sufficient to take all n^ = 0, and hence, 
to take as g^{z) the first term of this expansion. For 
then we have 


hy{z) “ (jy{z) = 


1 


1 2ZZy — z^ 

Zy “ Zy(Z - ZyY’ 


and consequently, for all j s | < i?, with arbitrary 
jK > 0, and all sufficiently large v (namely, as soon as 
I > 2R), 


hy(z) - gM 


^ R(2 \zy\ + R) ^ 3R\zy\ 12R 

^ 1^, p(i^;i ~^Rr ^ h. rci u. r r 

This is (according to §3, p. 29) the general term of a 
convergent series of positive terms. Hence, 


M,(z) 



1 

_(2 — Z.y 
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is a mei'omorpliic function of tlie type required, and 
the most general function of this typo results immedi- 
ately therefrom. 

In the Weierstrassian theory of elliptic functions, 
this function Moiz) is called the Pe-function belonging 
to the pair of periods (oj, w')? is denoted by 

^(s) = p(z I 

Because of the absolute convergence of tlic series, tlie 
order in which the terms appear does not matter. 
Hence (cf. p. 30), without further establishing the se- 
quence of the lattice points, we can write 


= 4+ S 

^ jfc,*' 


p(z 1 Joj, W) 
1 


1 


.(z - /cw - kwy (koj + kwyj 


Here k and k' take on, independently of eaeli other, 
all positive and negative integral values and zero, 
without, however, being zero simidianeoudy. This last 
restriction is indicated ])y the accent after the summa- 
tion symbol. 

This function p{z) bears a close relation to the 
o--function of §3, similar to tliat of cotangcmt t.o sine. 
In fact, according to §2, 'Idicorcin 8, 



+ T + 



j 


1 — abbrcviat.Hd notation for “--7--, I'hiw function i.s fn*- 
cr a (z) 

qiieritly called the WeierstruKs ^-funct.ion, and denoiod !)y 
It has, of course, nothing to do with the Hiernarin ^-function 
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and further, l.>y §2, Tlieorera 9, 



Hence, 

<Pi^) 


(log ^(^)) = 


{cr'{z)f — cr(g) <t"{z ) 
a\z) 


The close connection between Examples 1 and 2 of 
this paragrapli and of §3 suggests the possibility of the 
existence of a direct relationship between the funda- 
mental theorems themselves — the Weierstrass and the 
Mittag-Leffler. This is indeed the case: one can derive 
the first from the second (but not conversely). The 
method is briefly the following: 

Let it be required to construct an entire function 
Gq{z) with zeros of I'espective orders First, accord- 
ing to Mittag-Leffler\s theorem, construct a meromor- 
phic function Mq{z) having simple poles with residues 

a,, and, hence, with principal parts hJz) = — — — , at 

z — Zv 

the points One finds, then, almost immediately, 
that Mfi{z) is the logarithmic derivative of an entire 
function. Go ( 2 :), which can be written in the form of an 
infinite j^roduct, and wfiich satisfies the conditions of 
Weierstrass^s theorem. t 


which is treated in hlxample 4. At the same time, “( 2 :), furnishes 

a 

us with an exoniple of a meromorphic function which has a simi)le 
pole with the residue 4-1 at each of the lattice points of our 
network of paralkilogranis. 
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3d Example: The Gamma-function. Tiir^ fuiH tion 
r(s), mention eel already in eoniU‘(*ii()n with IO\';iiiij>le 
of Weierstrass’s t,}i(M)r(;ni, j)rov(Kl to Ixj (Jkj r<Mnpro(%‘d of 
the entire fiiiictioii K(z) which wa-vS (ioiiKtructed there. 
From this we see immediately that 

(1) r{z) is a meromorphic function having a simple 
pole (for the residue see (7) below) only at each of the 
points 0, — 1 , — 2, • • • . Moreover, it is the reciprocal 
of an entire function, and therefore has no zeros. 

We develop several further properties of this impor- 
tant function: 

(2) For every z ^ 0, —Ij —2, • • • , 

T{z + 1) = zT(z). 

(Functional equation of the Gamma-function) 
Proof: 

T(z + 1) = hm (g ^ 2) . . . (g + + 1) 

— r ^ 

z(z 1) (z n) ;s + n + 1 

== zT{z)f Q. R. t>. 

(3) For every integer r > 0, 

T(v + 1) = f!; 

i.e., T(z) solves the interpolation problem mentioned 
on p. 31, footnote. 

Proof: For r > 0, according to (2), 

T(p + 1) = pT(p) = f(f - l)r(F ~ 1) = 


== 
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and that r(l) = 1 is seen immediately from the 
Gaussian definition. 

(4) For every z wc have^ 

lin, g- - ± ■ ■ + » . 1, 

n-«> ri W 

Proof: The Gaussian definition says that, as n «>, 



(z + n)(z + n — 1) • • * (2 + 1) 2 • r( 2 ) 

The denominator here is equal to r(2 + n + 1), as one 
finds by applying the functional equation n + I times; 
and this proves the assertion. 

(5) For every non-integral 2 , 


r(2)r(l ~ 2) = 

sin TTZ 

Proof: According to the Gaussian definition, the 
reciprocal of the left-hand side is equal to 

2(2 + 1) — • (2 + n) 


lim ■ 


n in 


(1 — z ){2 — g) . ♦ (n + 1. — 2) 


n\n} 


lim 


n + 1 


•2(1 


r)(i 


2 

2^, 


1 - 


n 


m , 2 \ sm TZ 

’The fiHielinnal CMHi.'itiofj ( 2 ) t.{)p;c(.h<M’ wi(-h this lirnil, rel.'ilion 
(4) are chartuirri.sdc for t,he I'-fimct.ion, i.c., there is no 
function besides V(z) wliich satisfies (2) and (4). We must leave; 
the proof of this pr'oposition to the reader. 
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( 6 ) r(i) = +x/^.^ 

Proof: For s = 1/2, (5) yields [r(l/2)]^ == ir, from 
which the assertion follows immediately (because from 
the Gaussian definition r(l/2) is read off as positive). 

(7) The respective residues at the poles —p, (p = 
0, 1, 2, • • •); established in (1), are 


^This singular result can also be written as follows: 

n!vT 

m + 1 ) a + n) 


or, after a very simple transformation : 

1-3-5 ••• (2n - 1) 

2 • 4 • 6 (2n) ‘\/tu 


The symbol indicates that the limit of the quotient of both 

sides as w is unity; in other words, that both sides are 

‘^asymptotically equivalent’', as it is customary to say. The left- 
hand side is none other than the coefficient of in the binomial 
series 


vr 


1-3 

1 + _ 22 


+ 




consequently, (6) is synonymous with the statement that 



Finally, instead of (6) we can write: 

5 2 2 4 4 2/j L>/,' 

2 ^ 1 3 ;j .') *** 2/i - ’ 

in which form our result proves to be i<ientic;t,l wilh Wallis’s 
product, which is also obtained at once from t.hc si tie-product for 
2 =* 1/2. (Cf. §3, Ex. la).) 
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Proof: According' to its meaning, the residue of a 
simple pole z — --f is ol) tallied i;)y evaluating 


1 i in {z “1“ v) P (z ) . 


By (2), however, 


r® = »_±1> 


r(^ + F + 1) 

z(z + 1) {z + vY 


so that as z 


(z + v)Viz) 


, TO) 

1) • • • (■-2)(“‘l) 


Q. E. D. 


4th Example: The Riemann ^-function. The Zeta- 
f unction, whose most important function-theoretical 
properties were established by Riemann, plays a funda- 
mental role in tlie analytic theory of numbers. 

In all that follows, t% for positive t, is understood to 
be the (single-valued) entire function \ where log t 
has its real value. Then the terms of the series (cf. I, 
§17, Ex. 2^) 


are entire functions. For the absolute values of these 
terms in the clovsed half-plane 5)t(2:)>l+5(5>0 
arbitrary) we have 


1 ^ 
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Therefore, by Weierstrass’s ilf-test, the series is uni- 
formly convergent there. Accoi-ding to I, §19, Theorem 
3, since 5 > 0 was arbitrary, this means that the scri(‘s 
represents a regular function in the half-plane 3f ( 2 :) > 1. 
It is this function which is called the Riemann Zeta~ 
function and denoted by ^(z). 

Theorem. i{z) can he continued across the boundary 
= 1 of the half -plane 3 J( 2 j) > 1, and proves to he a 
meromorphic function having the single pole z = 1 with 
the principal part l/(z — 1); f.e., z = 1 is a simple pole 
with the residue +1.^ 

1st Step: Continuation up to the line 31(2:) = 0‘ 

With the functions for n = 

n" (n + 1)* 

1, 2, ' • • are also entire functions. Since each of these 
has a zero at 2 : = 1, 


1 n+l 


1 

1 

1 

r dt 

f dt 

2 ; - 1 


in 4- ly-'J 

> (n 4- tY - 

1 7 


are also entire functions. For SR( 2 ) > 1 + 5, the absolute 
value of the last integral (by I, §11, 5) is less tlxan or 
equal to Hence, for the same reason as before, 

1 00 

f f ^ 1 

(n+ ty j z 

:^Stated somewhat differently: the difference — (2 — 1)“^ 
is an entire (transcendental) function. 
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is convergent for '^l(z) > 1. If we subtract this from 
1 


E , j. iy = f(2) - 1 

(n + 1) 


and note that 
1 


(n + 1)“’ 


/dhr = -/ 


t dt 

(n + 


— which can be verified at once by means of an inte- 
gration by parts on the right-hand side, — we have 


(a) 


^(z) = 1 -b 




t dt 
{n + 


Here wi til the continuation in question is accomplished. 
In order to realize tliis, one need only show, bearing in 
mind the form of the first two terms on the right, that 
the third term, or even only that the new series on\he 
right-hand side, represents a regular function for 
9t(2) > 0. This follows, however, from, considerations 
quite similar to those {^countered Iiefore: the terms of 
the series are again entire functions (indeed, they arose 
from the subtraction of such functions 1) and in absolute 
value are less than or equal to for 9 t( 2 ;) > 6, from 
which every tiling follows as above. Consequently, by 
means of (a), the asserted character of the point +1 is 
made evident; and, rnc>r(?ovfT, the region of existence 
of ^(z) is exf(*ii<h‘d to f h(i l(‘ft. by a strip of unit width. 

In a similar manner, on(‘ can repeatedly {'xtend the 
region of (‘xist (‘iiee to the l(‘ft by such a strip, an<l so 
finally |>rove tlu^ tIi(‘orem (iompletoly. We shall carry 
out the next two steps. 
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2d Step: Continuation up to the line 3 l(s) = —1. 
Integrating by parts again, one verifies immediately 
that 

1 

__ r t dt 
(n ~jr t)^ 


z(z + 1 ) r f dt 
2(n + 1 )^ 2 J {n+ 

and hence 

(b) ^{z) = 1 + ^ _ 2 2 

1 

z{z “f” 1) f dt 

2 J 

Acfording to the result of the first step, the function 
inside the brackets of the third term is regular for 
9 t( 2 :) > —1, except at 2 ; = 0 where there is a simple 
pole. Because of the factor z before the bracket, the 
third term itself is a regular function for > r-1, 
with no exceptions. This also holds for the last term, 
because the terms of the new series are entire functions 
which, in absolute value, are less than or equal to 
for dl{z) > — 1 + — ^from which everything fol- 
lows once more. 

3d Step: Continuation up to the line ^(z) = —2. 
Another integration by parts gives 

1 I 

f = i L ?-±-2 [ _ i" dt 

/ (n + 3(m + 3 J („ + 
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and hence 

(c) f(2) = 1 + - |j [i-(s + 1) - 1] 

- — ^ [r(2 + 2) - 1] _ 

z(z -j- 1)02? -f- r dt 

3 ! ty^^' 

Considerations closely corresponding to those jnst dealt 
with show that the only singularity of f ( 2 ) in the half- 
plane ^R(z) > —2 is the simple pole at +1 with the 

principal part — 

It is now sufficiently clear how one proves that 

is regular in the half-plane §K(25) > — (A; 

z X 

+ 1) if it has already been shown that it is regular in 
the half-plane 5R(z) > —k,{k = 2, 3 , • • •)• 
of all our assertions concerning is thereby estab^ 
lished.^ 

^That f ( 2 ) — (2 1)"^ is a transcendental entire function fol- 

lows, e.g., thus: From the series for t(z), we see immediately that 
lim ^(x) — 1. If the difference in question were a rational entire 

X— ♦ + w 

function, it would be idcniicaUy equal to one, so that ^( 2 ) = 

1 -h (2 — l)“b That this is false, however, is seen for z == 2. 

A full treatment of the Riemann t-hmetion, including all 
number-theoretical applications, is to be found in E. Landau, 
Ilandbuch der Lahre von der Verteilung dcr PrimzahUfi, 2 vols., 
Leipzig, 1909, and E. Landau, Vorlesungen iiber ZaUentheorie, 

2 vols., Leipzig, 1927. Sec also A. E, Ingham, The Distribution of 
Prime Numbers, Cambridge Tracts, No. 30, 1932; J£. C. Titch- 
iiiarsh, The Zeta-f unction of Riemann, Cambridge Tracts, No. 26, 
1930. 
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Exercises. 1. Find the Mittag-Leffler partial-frac- 
tions-expansion for each of the following meromorphic 
functions: 


a) tan z; 

'‘kL- 

cos {Ttr/2)z 

d)-' 

- 1 

+1’ 

f) r- 

COS z — sm 


2. The sequence of functions 

-/• M ~ 

Ziz+ 1) (Z + 7l) 

is uniformly convergent in every bounded, closed region 
containing none of the points 0, — 1 , — 2, • • • . 

3. Let Zi and Z 2 be two points distinct from 0, —1, 
—2, • • • . Determine 

Urn + 1) ■ • • (gi + W) 

22(22 + 1) • - • (22 + n)' 

4. The entire function K{z) defined in the text has 
the following representation as an integral: 

2 ^- 

u 

where h denotes a path which begins on the left at 
infinity, proceeds close hdoiv tli,(^> negative real axis to a 
neighljorhood of the origin, turns about tliis point in 
the positive direction, and then returns to infinity 
close above the negative real axis. (Pay attention to the 
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rnultiple-valucdness of r“ — as a function of for fixed 
2 ;; d(‘t.a.ils coiKua’nin^ this in sec. If.) 

5. (lirry out in detail the derivation, sketched in 
tlie text, of Weierstrass’s theorem from Mittag-Leffler’s. 

6. Prove the fact mentioned on p. 49, footnote, 
that the P-function is characterized uniquely by the 
two properties 2 and 4 (pp. 48~9). 

7. In connection with §2, Ex.4a, show that the 
Riemann f-fimction has no zeros in the half-plane 

m) > 1 * 
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PERIODIC FUNCTIONS 


§7. The Periods of Analytic Functions 

Definition. An analytic Junction f{z) is said to be 
'periodic if there exists a non-zero number Q such that for 
every z of the domain of regularity of f(z)j z + 0 also 
belongs to this domain^ and 

(1) /(2 + fi) = /(2). 

Every such number 0 is called a period of f{z). 

Among the elementary functions, e* and the trigo- 
nometric functions are periodic, tan z has, e.g., the 
period — 7 t; 13t and 27r are also periods of tan z. 

In order to confine our attention to what is most im- 
portant, we shall assume in the following that f(z), 
except for possible isolated singularities, is single- valued 
and regular in the entire plane (so that, in particular, 
entire and meromorphic functions come under consid- 
eration). On the other hand, f{z) is not to reduce to a 
constant, since otherwise equation (1) would be trivial 

If in (1) we replace 2 ; by 0 + 12, we see that, along witli 
2y 20 is also a period of the function. The following 
more general theorem is just as easy to prove: 


Theorem 1. The sum and difference of two periods of a 


function are also periods of the samef if n, n' = 0 denote 


^lifiz) is periodic, the number 0 is also classed with its periods; 
this is to be noted here and in the following. 
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any integers, then, along with Q, all numbers nQ are 
periods, and, along with O and 9!, all numbers nQ •+ n'9^ 
are periods. 

We now suppose the points corresponding to all the 
periods of a function, the so-called ^^period-points'’, to 
be naarked in the plane. Then we have the inaportant 

Theorem 2. The set of period-points of a single-valued 
function has no finite limit point. 

Proof: Otherwise every neighborhood of this limit 
point would contain an infinite number of period-points, 
and hence, also such period-points having an arbitrarily 
small distance (= absolute value of the difference) 
from each other. Then, according to Theorem 1, there 
would exist periods with arbitrarily small absolute 
values, and one could determine a sequence of periods 
^ 2 , • • • such that On 0. If, now, Zq is an arbitrary 
regular point of f{z), and f(Z(f) ~ a, then for every 
.n = 1 , 2, 3, • • • we should have 

fizo 4- ^n) = /(^o) = a, 

implying the existence of a-points in every neighbor- 
hood of 20 . But this is impossible, according to I, §21, 
Theorem 1, since we have assumed that f{z) is not con- 
stant. The theorem thus proved can be formulated as 
follows: 

Theorem 3. A single-valued function cannot have arbi- 
trarily small periods. 

From tliese theorems, which provide us with a first 
orientation, we can immediately derive some important 
consequences. 

Let f{z) have the period 9. The numbers n9, which, 
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according to Theorem 1, are also periods, all lie on the 
line L passing through 0 and 0, and ther‘e constitute a 
set of equidistant points (see Fig. 2). Suppose there 
exists a further period-point on L (e.g., tan z with the 
period — Ttt has, in addition to the periods the 

period Stt). It must be of the form 


riQ + (n integral, 0 < ^? < 1). 


Then, by Theorem 1, 60, itself is a period. Thus, if there 






Si'"" 




exist any periods at 
all on L besides the 
periods nO^ then there 
are some between 0 
and 0. But there can 
be only a finite num- 
ber of these (because 
of Theorem 2), so that 
one of them lies near- 
est to 0. We shall call 
this one^w,^ and we 
now have 

Theorem 4. Every 
period on L is of the 
fonn 

nco, 


Fig. 2. 

in = 0, ±1, ±2, 


Proof: By Theorem 1, all the numbers nca ai*e periods. 
If there were one on L besides these, it would be of the 
form nco + doi, {Q < 6 < 1). But then 0^, i.e., ft point on 
L between 0 and co, would also be a period, (‘onfj-ary to 
the assumption tliat co is the period-point on fj nearcjst 
to 0. 


= ii. 


Tf no further period lies between 0 and 12, we set w 
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By this procedure, o) on L is fully determined except 
for (the iin(‘sserilh:il) sign, and is called a primitive period 

The function tan z has, e.g., the period 0 = — Ttt; 
L here is the axis of reals. There are six additional 
periods of tan 2 between 0 and — Ttt, namely, — tt, — 27 r, 

• • • , — Gtt, of which — TT is the one nearest to 0. Hence, 
— TT is a 'primitive period of tan z, so that all periods 
lying on L (i.e. in this case, all real periods) have the 
form — riTT. 

If the function has no periods besides the periods noi 
found in this manner, the function is said to be simply 
periodic. In the other case, the periods do not all lie on 
one straight line, but form, rather, a plane point set. 
We acquire an insight into the nature of this set in the 
following manner. 

Since, according to Theorem 2, there are only a 
finite number of period-points in any circle, there must 
exist a smallest circle, with center 0, on which there are 
one or more periods (distinct from 0) (see Fig. 3). We 
call one of these co; it is necessarily a primitive period of 
the function, and on the line L through 0 and co there 
are precisely the periods noj and no others. We suppose 
them to be erased for the moment. Then again there 1 
exists a smallest circle, with center 0, on which there 
are one or more of the remaining periods. Let us call 
that one of them (there are certainly only a finite 
number) w' which we first meet in describing this circle 
in the positive direction if we begin at that half of the 
line L which extends from 0 to co. Then the following 
theorem completely settles the question as to the dis- 
tribution of the period-points: 
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Theorem 5. All period-points of the function are given 
hy 


no) + n'o)\ 


Tl == Of dbl; ±2; 
fl^ = 0; dbl; 


Fig. 3. 

Proof: These numbers, according to Theorem 1, are 
certainly periods. If one existed besides these, it would 
have to have the forai 

(n + d)cc + (n' + 0 < ^ < 1, 0 < < 1, 

with 6 and 6' not simultaneously integral (i.e., 0 or 1). 
But then 

JQ = ^ d'co^ 

would also be a period. This point would lie in the 
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parallelogram with the vertices 0, w, w + co', co', without 
coinciding with any of the vertices. According to the 
method used to determine co and a?', it certainly could 
not lie in the triangle 0, w, w', and would therefore have 
to lie in the other half of the parallelogram in question. 
But, with 

12' == - 12 + 0) + co' 

would also be a period; and it would be in the triangle 
0, CO, co', where, however, as just shown, there can be 
no period. Hence, the assumption that there exist 
periods other than the points no) + n'co' is inadmissible. 

Thus, if a single-valued periodic function is not sim- 
ply periodic, its periods have the position described by 
Theorem 5. It will be shown presently (p. 78) that such 
functions exist. A function of this kind is called doubly 
periodic, and we have 

Theorem 6 . The periodicity of a single-valued analytic 
function can he only simple or double] there is no third} 

The numbers co and co' are called a pair of primi- 
tive periods of the function. Since they are not col- 
linear with 0, tlieir ratio is necessarily non-real:^ 



iW(! k complex numbers coi, a>2, * * * , linearly indspendeni, 
if no system of k real, integral numbers ni, n2, * * * , w*, not all 
zero, exists, such that Wiwi ■+■ ^2^2 -f • • • + nkOJk = 0 . Then this 
th(‘orem can be stated as follows: “A single-valued analytic fiinc- 
lion cannot possess 7 nore than two linsaiiy independent periods.’^ 
imaginary part of the “period-ratio” co'/oi is actually 
positive for our determination of the pair of primitive per-iods, 
because the positive rotation which carries the direction (0 * • • co) 
into the direction (0 • * • co') is less than tt. 
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Whereas in the case of a simply periodic function a 
primitive period, apart from the (quite unessential) 

• sign, is uniquely determined, one can determine a pair 
of primitive periods of a doubly periodic function in 
various (infinitely many) ways (cf. Figs'. 1 and 3, where 
the same set of points of the form noi + is obtained 
with different meanings of co and w')- 

Exercises. 1. A (non-constant) rational function can- 
not be periodic. 

2. A (non-constant) single-valued analytic function 
cannot have 1 and V2 as periods. 

3. As a supplement to the consideration of p. 61 for 
determining a? and oj', show that there can be at most 
two, four, or six periods on the circle (with center 0) on 
which CO lies. These are then at the ends of a diameter, 
the vertices of a rectangle, the vertices of a regular 
hexagon, respective^. 

4. If precisely two periods (hence, co and — co) lie on 
the circle referred to in Exercise 3, the selection of co 
and co' described in the text leads to values for which the 
period-ratio t = co'/co satisfies the conditions: 

I r I > 1, -i < 9 J(t) < 1. 

These relations are still valid if four or six periods lie on 
that circle, provided that a suitable one of these periods 
is denoted by co. Proof? 

§8. Simply Periodic Functions 

One can visualize the periodicity of a simply periodic 
fmiction in the following manner: ddirough an arbitrary 
point c of L, e.g., the origin, draw any line U which does 
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Fig. 4. 


not coincide with L (see Fig. 4), and draw parallels to 
U through all the points c + nw. The 2 ;-plane is thus 
divided into strips, which are called period-strips. The 
equation 

J{z + noi) = f{z) 

now means simply that the function J{z) has the same 
values at ^^congrueyif^ points, i.e., points that have 
congruent positions in pairs of strips^ (cf. Fig. 4, where 
several points congruent to Zo have been marked). 
Consequently, a periodic function exhausts its entire 
domain of values in one of the strips, even if one re- 
gards^ — as we shall always do in the sequel — only one of 
the two boundaries as belonging to the strip. In every 
other strip, all the values, and hence all regular and 

iTwo points Zo and are ctilled congruent, if their difference 
Zi — Zq is a iieriod 
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singular properties, occur once more: what holds for 
a point Zq also holds for every other congruent point. 

e"' has the primitive period 2 Tri. L here is the axis of 
imaginaries, and for U we can take the axis of reals. 
Then the region 0 < 3(2) < 2'7r, for example, is a period- 
strip. sin 2 has w = 27 r for a priinitive period. Hence, 
if 7 denotes any real number, the region 7 <7 

+ can be taken as a period-strip. 

It is therefore sufficient to examine a simply periodic 
function in only one of the strips in order to get to 
know it completely. At the same time, it is useful to 
observe that it is no restriction to assume that w has 
the particular value +1. For, if we set z = (x>z\ then 
f{z) = goes over into a function which, as a 

function of 2:', evidently has the primitive period 
Then precisely the real integers are the periods of the 
function, L is the axis of reals, and for L' we can now 
take the axis of imaginaries, so that the figure of the 
plane divided into period-strips becomes especially 
clear. 

The nature of the function f{z) is perceived more 
distinctly if we make use of the following artifice: We 
introduce a new variable f instead of z by setting 

(a) - Si 1»8 r. f - 

and consider the function (piX) defined by 

m - /(^ log f) - .(». 

Un the foregoing, we have already written very often 
sin 2x2, cot x2, etc. in order to make +1 a period of the function 
in question and thereby give the expansions a simpler form. 
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Since 

m = ^(0 = 

this can also be interpreted thus: The given periodic 
function will not be regarded or represented as a func- 
tion of z itself, hut as a function of 

Since log f (cf. I, §26, 1) is an infinitely multiple- 
valued function, it would seem that <p(^) is also a mul- 
tiple-valued function, and hence, that our investigation 
is rendered more difficult. However, due to the fact 
that all values of log f result from a particular one by 
the addition of all integral multiples of 27rz, all values of 

— . log t differ from one another by integral (real) 

27^^ 

numbers, and hence, only by periods oif{z). The various 
determinations of log f thus furnish congruent values 
of z, and (piX) therefore proves to be a single-valued 
function. The multiple-valuedness of the logarithm 
is just compensated for by the periodicity of the func- 
tion f{z). 

What is the region of existence of piX), and what is 
the nature of its singularities? Since log f is singular at 
0 and CO (but at no other point), these two points may 
be singular for ipiX)- Other singularities, however, are 
not introduced by the function log. Apart from these 
two points, <pX) can be singular in those, and only 
those, points f which, by virtue of (a), correspond to 
singular points 2 : of f{z). But now a considerable simpli- 
fication takes place. For, if Zo is singular for/(; 2 ), so are 
all points of the form 4- k with arbitrary integral 
k ^ 0. Only one singular point 
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of the function corresponds to this entire set of 
singular points of f(z). <p(t) thus takes over^ so to speak, 
the singularities of only one strip oi J{z). 

We summarize this result in 


Theorem 1. Every one of the considered simply periodic 
functions f{z') having the primitive period 1 can he re- 
garded or represented as a single-valued function of 
f This new function is, in general, of a simpler 

nature than f(z); for, by virtue of (a), only one singularity 
of corresponds to every set of congruent singularities 
of f{^)- ^(X) is regular except for these and the possibly 
newly appearing singular points 0 a-nd co . ^ 

Examples 1. For the sine-function we have, as is well 
known, 

(p{^) in this case is a very simple rational function. 

2. Likewise, the rational function ^ f + - 

2 \ f 

corresponds to the function cos 2Trz. 

3. Similarly, we have 


tan TTZ = 


A 


f + r 


cot TTZ = 


L±l1 

f - r 


(As it should, the single pole f = e*' = -h 1, for example, 
corresponds to the simple poles of the function cot wz at 
0, ±1, d=2, • • • .) 

With these agroeimnits, it is now easy to derive a 

^This result holds for every periodic function, and hence, also 
for the doubly periodic functions treated in the next paragraph. 
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form of (‘xpansion which is valid for all our functions 
f(z). Since /(s) is regular everywhere except for isolated 
singularities, one can in various ways, by 'means of 
|)arallels to the axis of reals, cut a rectangle out of the 
period-strip such that/(^) is regular in its interior and 
on its vertical boundaries. If yi and 2/2 (> Vi) are the 
ordinates of the aforementioned parallels, f{z) is regular 
in the entire strip (P) which runs parallel to' the axis 
of reals and is characterized by 

Vi < 3 (z) < 2 / 2 . 

Consequently, <p(0 is regular provided that 2 in f = 
satisfies the condition just stated, i.e., provided 

that 

- r, < f 1 < r, = e- 

Thus, ^(f) is single-valued and regular in an annulus 
determined by the rectangle which was cut out, and 
can therefore be expanded in one, and only one, Laurent 
series 

¥>(0 = E a»r, ()”2 < I f I < r,), 

— CO 

in that ring. This seiies converges (see I, §30, p. 120) 
in the broadest ring that can be formed from the 
hitherto existing one by concentric contraction of the 
inner circle and expansion of the outer circle, and which 
is still devoid of singular points. If for f we substitute 
its value in terms of z, we obtain 

Theorem 2, Lei f{z) he a single-valued function with 
the 'primitive period 1. Then, to every strip (P) which is 

l[g2iria!j *3, J s=: 



70 


PERIODIC FUNCTIONS 


parallel to the axis of reals and is devoid of singular 
points^ there corresponds one^ and only one, expansion 
of the form 

f(^) = X) 

This series co7iverges in the broadest strip that can he 
formed from (P) by a translation of its houndai'ies upward 
and downward, and which is ^till devoid of singular 
points. Outside this strip the series is divergent 

If this strip contains the axis of reals in its interior — 
which can always be brought about if the axis has no 
singular point on it, — we are led from this to the Fourier 
expansion of real analytic functions by substituting 
= cos 2tz + i sin 2Trz. However, at this point we 
cannot enter further into this matter. 

We must also be content to remark that from every 
other type of expansion of the single-valued function 
<p{t ) — ordinary power series, product expansion, partial- 
fractions expansion — we can, of course, derive a corre- 
sponding representation of f(z) as a function of 
Of the periodic functions, we have up to now met 
with only the elementary functions; we shall first get 
to know others in the next paragraph. For several we 
have obtained above (p. 68) the corresponding func- 
tions ^(?), which turned out to be particularly simple, 
namely: rational} We conclude from this, that those 
simply periodic functions /( 0 ) for which the correspond- 
ing function <p{^) is rational are especially simple, but 
also especially impoi^tant. Moreover, the class of these 
functions — the class of rational functions of — is 

^The function ^ naturally corresponds to the exponential 
function itself. 
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governed by parti culai’ly beautiful and typical laws. 
We shall derive a few of these. 

Theorem 3 . Every function f(z) of this class possesses 
an algebraic addition-theorem] i.e., for variable and 
f(zi + Z2) can be expressed algebraically in terms of 
f(zi) andfizz). 

(For example, for the sine-function, if we make + 1 
the primitive period, we have the addition-theorem 
written in algebraic form: 

sin 2Tr{zi -b Z 2 ) 

= sin 2 x 2 Ji • Vl — sin’*' 2x^2 + sin 27r^2 * VT^ sin^'2^i^J. 

Proof: By hypothesis, /(«) = R(^), where R denotes 
a rational function of its argument. Consequently, if 
we set = To = ^2, and hence = 

f if2, we have 

/fe) = RiU), /fe) = R{U), fizi + Z2) - 

It is possible to eliminate f 1 and f 2 algebraically from 
these three rational equations in fi and ^2, so that the 
algebraic addition-theorem follows immediately. 

Theorem 4 . Between any pair of functions fi{z) and 
f2i^) of our class, there exists an algebraic relation. 

Proof: From the hypothesis that 

ffz) == Riit) and /aCs) = 

the assertion results immediately from the elimination 
of f. 

With/(^) = the function/' (2), since it is equal 
to 27rff<^'(f), also belongs to our class. If we apply the 
preceding theorem to thi^ function, we obtain 
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Theorem 5. Every function w = f(z) of our class 
satisfies an algebraic differential cqualioji of the sinvple 
foTjn 

«,' = — = A{w), 

where A(w) denotes an algebraic function. 

Since it follows from this — under suitable restriction 
of the variability of w — that 


dz = 


dw 

A{wy 



Fiw), 


we can state finally: 

Theorem 6. Every such function w = f{z) is the inverse 
of the integral z = F{w) of an algebraic f miction. “ 

Exercises. 1. Do there exist (single-valued) simply 
periodic functions having prescribed zeros (with pre- 
scribed orders) in the period-stiip? If so, how are they 
to be set up explicitly? 

2. Do there exist (single-valued) simply periodic 
functions having prescribed isolated singular points in 
the period-strip? For given principal parts, Iiow can 
they be set up explicitly? 

3. On what region in the w-plane does tlie function 

y) = fundamental parallelogram of a 

network of parallelograms in the 2?-plane determiruid by 
(oj, oj')? 

is of the first order and does not contain the independent 
variable. 

2The reader should verify all of these theorems, and carry out 
their proofs, with and the trigonometric functions. 
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§9. Doubly Periodic Functions ; in Particular, ^ 
Elliptic Functions 

The periodicity of a doubly periodic function /(s) can 
be visualized in a manner analogous to the case of simply 
periodic functions. If co and w' are a pair of primitive 
periods of f(z), we draw (cf. Fig. 1 or 3) parallels to L 
through all points n'w', and parallels to U through all 
points 7i6j. The entire plane is hereby divided into a 
network of parallelograms whose lattice points are 
precisely the period-points nco •+■ Let us imagine 
this network to he drawn, or any other resulting from an 
arbitrary translation of this o?ze. Then the double perio- 
dicity of the function evidently means that/(2;) assumes 
the same value, or exhibits the same singularity, at 
congruent points, i.e., now, at points having congruent 
positions (whose difference is therefore a period) in 
different parallelograms of the same network. Every one 
of these parallelograms (that is, every parallelogram 
with the vertices a, a + co, a + 03 -b oo\ a + w'; a 
arbitrary) is called a (indeed, also the) period-parallelo- 
gram of the function /(z), and we say that /(si) is a dou- 
bly periodic function belonging to this period-parallelo- 
gram. 

In order to get to know such a doubly periodic func- 
tion completely, it is therefore sufficient to study it 
“in the pcriod-paralldogram'’; e.g., in the so-called 
“fundamental parallelogram'^ with the vertices 0, <w, 
03 + 03^, co'. EvcR-y rc‘gubir or singular property which the 
function possesses jit a point -s,, is also found at every one 
of a set of points 2,, + no? -f* 7^03', which form the lattice 
points of one of our parallelogram networks. 
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The following theorem immediately follows from this 
remark: 

Theorem 1. There exists no {non--constant) doubly 
periodic entire function, (First Liouville theorem.) 

Proof: As an entire function, f(z) is bounded in every 
finite region. Consequently, a relation of the form 
I f(z) I < K, where K denotes a suitable constant, is 
valid for all the points of a period-parallelogram. But 
then \f(z)\<K for all other points, and hence, in the 
entire plane. From this it follows, according to I, §28, 1, 
that f(z) is a constant. We had excluded this trivial 
case, however. 

Thus, a (non-constant) doubly periodic function has 
at least one singular point in the period-parallelogram. 
The doubly periodic functions are classified according 
to the nature of these singular points, which, of course, 
are the same for every parallelogram. 

"^Definition. A doubly periodic function which has no 
singularities other than poles^ in the period-parallelogram, 
or in other words: a meromorphic doubly periodic function, 
is called an elliptic function belonging to this period- 
parallelogram. 

We shall further conceim ourselves with only these 
functions in the following. First, we should be entitled 
to inquire whether such functions exist at a\\,^ for we 
have not encountered any up to now. Since we shall see 
presently, however, that the function p{z), constructed 

^The number of poI<is in t.hc }><*riod-i>nr:in(‘lo^ram tlnm is 
necessarily finite. 

2Their discovery, which goes back to Abel and Jac<>l)i, was a 
very important scientific event. 
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in §6, Example 2, is an example of a doubly periodic 
function, we shall not consider the existence question 
at this moment. 

According to tlie definition, an elliptic function has 
but a finite number of poles in the period-parallelogram. 
If we wish to enumerate these, we must make suitable 
agreements regarding the attachment of the boundaries 
to the parallelogram. We stipulate that only the vertex a 
and the two sides emanating from exclusive of their 
other terminal points, shall he considered as belonging to 
the period-parallelogram with the vertices a,a + co,a'+' 
0 ) + oj', a + w'. With this agreement, it is obvious that 
for every point of the plane there is always one, and 
only one, congruent point in an arbitrary one of the 
period-parallelograms. 

It now has a unique meaning to speak of the poles of 
an elliptic function “in the period-parallelogram.^’ On 
this we base the 

Definition. The sum of the orders of the poles of an 
elliptic function in the period-parallelogram is called the 
order of the elliptic function. 

The first Liouville theorem can then be stated also 
as follows: 

Theorem la. There exists no {non-constant) elliptic 
i function of order zero. 

Immediately obvious is the following theorem for 
arbitrary doubly periodic functions: 

^"Theorem 2. The sum, difference, product, and quotient 
of two doubly periodic functions fi{z) and f 2 {z) with the 
pair of primitive periods (oj, co'), cts well as the derivative 
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of such a fimction, are also 'periodic with the periods co 
and 0 )'. {However^ these do not necessarily conslihite a 
pair of primitive periods for the netv f iinctio7i; also, this 
function may he a constant.) If fi and fz are elliptic, 
so is the new function. 

In connection with Theorem 1, this immediately 
leads further to 

'^Theorem 3. If two elliptic functions belonging to the 
same period-parallelogram have there the same poles with 
the same respective principal parts, then the functions 
differ by only an additive constant. 

For, their difference is an elliptic function of order 
zero. 

There is the following important theorem concerning 
the residues at the poles: 

Theorem 4. The sum of the residues at the poles of an 
elliptic function in the period-parallelogram^ is equal to 
zero. (Second Liouville theorem.) 

Proof: According to I, §33, the sum in question*— 
apart from the factor 2^^ — is given by the integral 
^f{z) dz taken along the boundary of the parallelogram 
in the positive sense, provided that no pole lies on the 
boundary. If this should not be the case for a first choice 
of the period-parallelogram, it can always be realized 
at once by means of a sufficiently small translation 
(e.g., in the direction of a diagonal), which ol>viously 
does not have any influence on the present assertion. 
We may therefore assume that that condition is already 

^As the proof will show, for this theorem to be valid it is not 
necessary that co and co’ be a pair of 'pn'invitive periods of Jiz). 
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satisfied to begin with. If, then, a is the vertex associ- 
ated with this parallelogram, 



j fiz) dz + J /(z) dz 


+ f fiz) dz + j fiz) dz. 

a+ o) + u ' a+ ta' 

Now, we see immediately that the first and third inte- 
grals, as well as the second and fourth, differ only in 
sign; and hence, that their sum is zero. For if we replace 
z by z -f- co' in the third integral, it becomes 

a a + u 

J fiz + t*?') dz = - j fiz) dz, 


which is minus the first. The proof for the second and 
fourth integrals is similar. Hence, the sum of the resi- 
dues is zero, q. k. d. 

From this theorem follows 

* Theorem 5. "There exists no* elliptic function of the 
first order. , 

Proof: It could have only one pole of the first order im 
the period-partillelogram. If its residue were c, the sum 
of the residues there would also equal c. By the preceding 
theonun, w<^ should have c = 0; i.e., vSX.ich a pole cannot 
ONist at a.ll. 

According to ldu‘orom 2, with f(z), the function 
f"{z)/f(/:) is also an elliptic function with, the periods 
cx) and o)'. If we apply Theorem 4 to this function, 



78 


PERIODIC FUNCTIONS 


bearing in mind the proofs of I, §33, Theorems 2 and 3, 
we obtain 

Theorem 6. The number of zeros of an elliptic function 
in the period-parallelogram is equal to the number of its 
poles there — hence, equal to its order (Third Liouville 
theorem.) 

If we apply this theorem to f{z) — a, we obtain, 
finally, the following theorem, which completely settles 
the question as to the domain of values of an elliptic 
function: 

Theorem 7. In the period-parallelogram, an elliptic 
function of order m takes on every value, each precisely 
m times. 

After these general considerations, we now turn to the 
actual setting up of several elliptic functions, and the 
investigation of their most important properties. As 
we have already stated, the function piz), constructed 
in §6, Example 2, is an elliptic function. We first prove 
that this is true of its derivative. Since this derivative 
can be obtained by differentiating the series for p(z) 
term by term, we have immediately 



for which we can write, since Zn was used to denote the 
origin, 


-2 Z , r-^ 

k,k> (z — koi 


where, in the last series, k and ¥ take on all integral 
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values = 0 independently of each other and in any 
order. But if k runs over all the integers = 0, so does 
(ic — 1). Hence, if we substitute z + ooior s, 


p'{z + oj) 



~ (k - l)co - kWf 


is actually the same series. Consequently, 

p'(z + w) = 


and in precisely the same manner we can show that 
p\z + o)') = p'(z). 

Herewith is proved the double periodicity of p^z)^ and 
hence y the existence of doubly periodic functions in general. 
We can show still more precisely, that co and co' 
constitute a pair of primitive periods for p'{z)j and hence, 
that the numbers kca + k'ca' represent all of its 
periods. For, if 0 is any period of p\z)j then p'{z + 12) = 
p^(z) for every point of the domain of regularity of 
p'(z). If we allow z to approach one of the lattice points, 
(i.e., one of the poles of ^'( 2 )), p^{z) and therefore 
also p'(z + 12) become infinitely large. Hence, z^ + 12, 
too, must be a pole of p'(z)j and consequently itself a 
lattice point, Zf,, According to this, 12 = 2 ;,, — and so 
12 is also of the form kcp + k'o)'j q . e . n. 

Now that we have this result, it is very easy to prove 
that p(z) itself is a doubly periodic function with the 
same pair of primitive periods. By what we just proved, 
we have 


p'(z + 01 ) - p'{z) = 0, 
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and hence 


p(z 4- w) “ i.)(z) - c, 

where c denotes a certain constant. We show that this 
constant must equal zero. The representation of p{z) 
obtained in §6 implies, first of all, that p(—z) = p(z). 
For, k and take on, independently of each other, all 
integral values in any order, without being zero simul- 
taneously. We may therefore replace the letters k and k' 
by —fc and —k\ respectively. From this remark it 
follows (because of the exponent 2) that the series is 
not affected by changing ^ to —z. Hence, p(z) is indeed 
an even function. If in + co) — p(z) = c we now sub- 
stitute the value z = — iw, we obtain, as asserted, 
ga(ico) — — 2 ^) = 0 = c. Hence, 

p{z + co) = p(z). 

Since it is found, in an entirely similar manner, that 
p(z + w') = p(z), 

we have established the doxible periodicity of p(z). 
That CO and co' constitute a pair of 'primitive periods for 
this function too follows from the corresponding result 
for p'(z) and from the fact that, in general, 

p{z + 0) == p{z) implies p\z + 0) = ^'{z); 

i.e., from the fact that p^{z) can have no other periods 
than those of p'{z). Since, finally, p{z) and p'{z) are 
meromorphic functions, we have, to sum up: 

Theorem 8. There exist doubly periodic functions; in 
particular^ elliptic functions; and in fact^ such functions 
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possessing prescribed pairs of primitive periods. A first 
example thereof is f urnished by Weierstrass^s p-f unction. 

This ^o-function must, for diverse reasons, be regarded 
as the simplest elliptic function, Tor, since there exist 
no elliptic functions of order zero or one, only those of 
the second order come under consideration as the 
simplest. That one of these will be regarded as the 
simplest, which has precisely one pole — call it f — of the 
second order, with the simplest possible principal part, 
1/(2 — ill the period-parallelogram. If, in addition, 
this pole in the fundamental parallelogram lies at 
“the” vertex f = 0, we are led directly to the function 
p{z)f — apart from only an additive constant which 
comes into question because of Theorem 3. 

Even this constant — in itself unimportant — is most 
easy to determine; About every one of its poles, p(z) 
can be expanded in a Laurent series. For a neighborhood 
of the origin, this scries is of the form 


P(z) = p' + Co + C2Z^ + C.iZ^ + 

In this expression, the constant Co has the value zero, 
as we immediately infer from 

S’'*) - ? - S - 3] 


for z = 0. 

This “simplest” elliptic function plays a predominant 

‘Beca.uHP f.he principal part is equal to l/(z — — l/z"-, and, 

since ^{z) has already been shown to be an even function, no odd 
powers can appear. 
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powers appear in its expansion for a neighborhood of 
the origin. Therefore, by Theorem la, the function re- 
duces to a constant, — and in fact, to ^ero, since calcula- 
tion shows further, that the constant term is also 
missing in the expansion. Hence, as asserted, 

= 4p" - ff2 p - ff:<, 

where ff2, Qs have the above-mentioned values/ It 
is well-known that, conversely, the function which 
satisfies such a differential equation is also uniquely 
determined as soon as two corresponding values of the 

^This result has implications in many directions. We call 
attention at this point to the following: 

By virtue of the equation 

y 2 — (4a;3 _ — gz) - 0, 

y is defined as a multiple-valued function of x, and x is defined as 
a multiple-valued function of y. (Here x and y, and afterwards 
denote complex numbers.) Each is an algebraic function of the 
other (further details of this are given in ch. 5); or, carrying over 
some notions from the domain, we say that the equation 

defines an algebraic curve. Our foregoing result now shows that 
this “curve” has a parametric representation in 

y == 

This fact, namely, that we have found two single-valued functions 
of a parameter t which yield precisely the same curve as the given 
implicit equation by means of which each of the variables .r and 
y is defined as a 7nuUiple-valued function of the other, is expressed 
by saying that we have uniformized the curve. Thus, here W’e 
have uniformized a particular algebraic curve of the third degi’ee 
with the aid of the §?-f unction. We are dealing with a simpler case 
of uniformization when we represent the “circle” -f- 2 /^ — 1 ~ 0, 
with the aid of the trigonometric functions, in the form x = cos i, 
y ~ sin t. The problem of uniformization here indicated plays 
an important role in the modern theory of functions. 
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variables are known. For the g?-function, 2 ; = 0 and 
la == CO, e.g., constitute such a pair of values. Conse- 
quently, we infer from 

dw ^ / . 3 
— = V4.W - g2W - 


that 


/ - 


dw 


g2W - g-i 


and hence, that w = ^(z) is the inverse function, or the 
inverse, of the function z = z{w) defined by this inte- 
gral.^ Such an integral — more generally, every integral 
whose integrand is a rational function of the variable 
itself and of the square root of a polynomial in that 
variable of the third or fourth degree whose roots are 
all distinct — is called an elliptic integral (for the rather 
superficial reason that it first appeared in connection 
with the rectification of an arc of an ellipse) . It was in 
the inverses of such functions defined by means of 
elliptic integrals, that Abel and Jacobi first discovered 
doubly periodic functions, which they therefore gavej 
the name ^^elliptic functions^'. 

^We started from the periods oj and w', constructed the ^-func^ 
tion belonging to these, and found the above-mentioned differen- 
tial equation for this function, in which the invariants and gz 
were determiruMl by 03 and w' alone. Now, the so-called problem of 
iriver.^'ion is to d(‘tennine whether, conversely, if g^ and ga are 
a.s.signed arbif,rarily, tlui inverse of the function z = z{w), given 
as the integral ab<)V(;, is a f,;-function whose invariants are the 
numbers gt and f/s. 
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We now set as our last aim, to prove a theorem which 
gives us, in a certain sense, a survey of the totality of 
elliptic functions: 

Theorem 10. Every elliptic function with the periods 
0 ) and co' can he represented rationally in terms of the 
function p(z | Jw, its derivatives, provided that 

a)/co' is not real} 

The proof gives us at the same time an opportunity 
to become acquainted with several further important 
properties of our functions. 

From + co) = ^{z + co') = ^( 0 ) it follows (cf. p. 
47) that 

(1) ^ (0 + co) = ^ (0) + ^ (0 + co') = ^ (0) + 

CF (T (T (T 

if 77 and v ’ denote suitable constants.^ And from this we 
find, further, that 

(x{z + co) = C*e’^V(0), cr (0 + co') = c' 'e^'^cr^z). 

Since cr{z) is also an odd function, the new constants are 
again obtained by letting 0 = — §co, and we have more 
precisely: 

That, conversely, every function which is a rational coinhina- 
tion of §7(2:) and its derivatives is an elliptic function with the 
periods co and co', is self-evident according to Theorem 2 . 

^Since — (z) is an odd function, we find, on setting z == — |co, 

that Irj = — (2C0). Hence, according to p. -Ifi, rj can be calculated 
cr 

by means of a series, and ??', of course, likewise. 
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+ co') =: 

By means of the same two integration steps, we get the 
initial terms of the Laurent expansions for a neighbor- 
hood of the origin from those for p(z): 

(3) 7 J + 


(4) (r(z) = 2 + dr/' + 

where we need not know the easily calculated coeffi- 
cients h?ii dsj and all the following ones. 

Now we see on the basis of (2), that the function 

— + O') 


in which a is an arbitrary point distinct from the lattice 
points, admits the periods co and co'; and hence, since 
it has only the single pole 2 ; = 0 in the fundamental 
parallelogram, that it represents an elliptic function, 
(p{z)j belonging to this pai*allelogram. Since, now, 

cr(z db fx) = =b cr(a) -f- cr'{ci)-Z zh ^cr^'(a)’Z^ -j- . . . ^ 


the lieginning of th(3 expansion of (p{z) for a neighborn| 
liood of tlio origin roads 1 


. . 1 cr(a)*cr"(a) - (cr'(a))^ _.2 

+ + + 


1 


p{a) + + 


see p. 47), 


wliero again we need not know the coefficients C 2 , * • • . 
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These first few terms show, however, that (p{z) — 
^{z) + is the constant 0; for, it is an elliptic func- 
tion of order zero, which vanishes for 2 : = 0. If, in order 
to emphasize the freedom in the choice of a, we write 
z' instead of a, we have the fundamental formula 


^(z) - p(zO = 


(7(Z — gp (7(Z + Z^ 




If we differentiate this formula logarithmically, first 
with respect to 2 , then with respect to 2 ', and add, we 

ct' 

find the so-called addition-theorem for the function — (z) 


-(z + z') = - 

O’ CT 


(z) + j(z') + ^^ 


p'(z’) 


p(z) - p(z') 


From this we obtain the addition-theorem for the func- 
tion p(z) by differentiating once more with respect to z: 


p(z + z') = piz) - 


IL 

2 dz 


( p'(z) - 
V p(z) - p(z') / 


1 


With these preliminaries, we are now in a position 
to prove Theorem 10 as follows: 


we perform the differentiation and make use of the differ- 
ential equation for ^{z ) — from which w'C get = (^^(2) — 

(92/2 ), — we can also write the addition-theorem in the form: 


p(z ^z') 


I2p(z)p(z') - {9i/2)]\^{z) i-p(z')] -p'(z) ^ '(z') 

2 \^(z) - 


in which it is seen to he an ithjcbrnii' addUion-lheorvni fcf. §S, 
Theorem 3 ), l)eca,u.se and ad‘(‘ oxpr(‘.ssih]e! algebraically 
in terms of g{z) and g{z'). 
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Let the given elliptic function f(z) have the k poles 
?i, Ti-! ■ • ■ > i”'. will: tlu' respective ])riiicipal parts 




+ 


+ 


(2 - r.)“ 


in the period-parallelogram with the vertices 0, a, 
03 -|- (j>', to'. Now, since each of the functions 



&(z), 




3! 


has at the origin a pole with the simple principal part 


1 1 




1 

^4> 


respectively, we see at a glance, that the function 


H,(z) == ai"/ (z — z,) + al'i-p(z - f,) 
<x 


2! 


p'(z - f,) + 


+ 


(a, — 1 )! 


(2 - 


is a ineromorphic function which has a pole with the 
principal part hp(z) at 

According to the addition-theorem for the gp-function, 
p{z — Tv), and hence also its derivatives, can be ex- 
pressed rationally in terms of p(z) and its derivatives. 
Consequently, bearing in mind the formulation of our 
theorem, and replacing p(z)f p'(z), * * • for brevity by 
^P) ^^ * * * ? we can write more simply 

f/.(2) = all-^ (z - f.) -I- R,(p, p', ■ ■ ■), 



90 


PERIODIC functions 


where by R, we mean a rational function of its argu. 
ments. If we now add together the II (v =-\ <) 
k), the sum ^ b A • • • ^ 


«-V 7 (« - r.) + ^ (. 

^ <J 


r.) + • • 

+ a»; 


(2 - 


appears. By virtue of the addition-theorem for — (g) 
this sum can be replaced by 


(aiV -f- ui- + . . . + £: 

c 


“-■7(w + 7w] 

+ {a rational function of ^{z) and p'(z)\^ 

By Theorem 4, the parenthesis is equal to zero; and 
since the bracket is constant, the sum in question is a 
rational function of gi and p'. We set it equal to R,>(p 
P ), and now we have ' 

ff.(z) +■■■+ H,(z) = R,(p, g,.) + . . 

Vm 1 

The sum of aU the H,(z) is thus a rational function of 
and Its denvatives, and hence, in particular, an 
elliptic function (despite the individually nonelliptic 

° term in the bracket is 
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terms ~ (z ~ r«)0- If we subtract it from f(z), this 

function obviously loses all its poles, and therefore re- 
duces to a constant, Co, so that we obtain the repre-' 
sentation 

f(z) = Co + Ro(p, p') + Z R.(P, P', ■■■) 

v^l 


= g?', •••), 

which is our theorem.^ 

We shall have to be satisfied, within the limits of our 
little book, with these samples taken from the very 
extensive theory of elliptic functions. 

Exercises. 1. If a? Is positive and a?' is a positive pure 
imaginary, then the g?-f unction ^{z | fw, fco') is real on 
the boundary of the fundamental parallelogram (which 
in this case is a rectangle). Proof? 

2. Under the conditions of the preceding exercise, on 
what region of the ?4;-plane does w = ^( 0 ) map the fun- 
damental rectangle? 

3. In connection with the preceding exercise, effect 
the conformal representation of a given rectangle on 
the unit circle. 

iFrom “ gz we get, by differentiating: 

p" 6^2 _ {g%/2)^ and further: 

==: I2pp'f 

p"" = 12^"^ + - 1S.W - 12^3, 

etc. \V<‘ .se(!, in gen(‘ral, that all higher derivatives of piz) can be 
expressed as polynoiniaU in p{z) and p'{z). If we make use of this 
result, we can sharpen Theorem 10 to the effect that all elliptic 
functions can be expressed rationally in terms of p{z) and p'{z). 
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4. Is an elliptic function? 

5. Carry out in detail the proof of the algebraic 
.addition-theorem for the g?-f unction as indicated in the 

footnote on p. 88. 

6. Show that, in the fundamental parallelogram a'{z\ 

has the simple zeros fco. |(co |a,',-and no others. 



Section II 

MULTIPLE-VALUED FUNCTIONS 

CHAPTER 4 

ROOT AND LOGARITHM 

§10. Prefatory Remarks Concerning Multiple-valued 
Functions and Riemann Surfaces 

We return now to the developments in I, cb. 8, par- 
ticularly those of §24. There we saw how one can, in 
general, derive more and more new functional elements 
from a first such element, given, say, in the form of a 
power series, by means of analytic continuations — of 
which every single one is always absolutely unique and 
necessary, — and thereby enlarge the domain of exis- 
tence of the function. We imagined this to proceed as 
far as possible. The complete analytic function resulting 
in this manner from one element was defined to be 
singk'-valuedj when its behavior at every single particu- 
lar point, Zq, is always the same, independent of the 
path along which one may reach it by analytic continua- 
tions; in other words, when every point, Zq, which has 
once belonged to the interior of a circle of convergence 
can never constitute an obstacle for any continuation, 
and when it is always made to correspond to the same 
functional value in the process of any continuation. 
Tlicm all points of the 2 :-plane are separated unambigu- 
ously into the regular and the nonregular, and to every 

93 
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regular point there is made to correspond one, and only 
one, functional value. The totality of regular points 
forms a region in the sense of I, §4, th^ region of exis- 
tence of the function, whose points are the ^ 'bearers’^ of 
the functional values of the single-valued function 
w = fiz)f 

These functions are naturally easier to handle^ than 
others, and we have Therefore dealt with them up to 
now almost exclusively. 

All this is altered when we have a multiple-valued 
function before us, in which case the above-mentioned 
condition is not fulfilled in the continuation process. 
Then it is possible for several distinct functional values 
to correspond, as a result of different continuations, 
to one and the same point, and one and the same point 
may actually prove to be regular in one continuation 
and singular in another. Provisionally, we imagine that 
with every z are associated all those functional values 

^Imagine the functional values w to be written on, pinned to, or 
in some other way affixed to the proper point z of the region of 
existence. 

It is often advantageous to add the poles to the region of 
existence and to make them bearers of the value oo. 

^^Nevertheless, it/need not (cf. the remark in I, pp. 93-94) be 
possible to obtain a single-valued function completely with the 
aid of a single expression, as was indeed the case with the entire 
and the meromorphic functions. 

The region of existence may also have the most varied and 
complicated forms; for there is actually the following Theorem: 
For every region @ (see I, p. 18), there are analytic functions having 
precisely the region ® for their region of existence, and hence are 
not continudble beyond (see, e.g., L. Bieberbach, Lehrhw.h der 
Funktionentheorie, vol. I, New York, 1945, pp. 295-29G). 
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which it acquires in the cours.e of all possible continua- 
tions; in addition, if occasion arises, the designation 
‘^singular’' is applied to it if it proves to be singular in 
any continuation. 

Let w — F{z) be the functional configuration ob- 
tained in this way. Then the symbol w = F{z), for a 
given no longer has a uniquely determined sense, but 
rather can have several (a finite or an infinite number 
of) meanings. Examples are Vz and log which we 
have already treated somewhat more closely. 

The main questioUj then, is, in general, the following — 
at first formulated quite loosely: How does one keep the 
various determinations of a multiple-valued function 
apart, how does one bring order and insight into its 
domain of valuesl 

In definite individual cases this question will usually 
assume the following form: If a problem which by^its 
nature must have a fully unique solution is solved with 
the aid of a multiple-valued function, which of its de- 
terminations is the one to use? 

A few examples, in which we make use of the already 
somewhat familiar function log, will throw light on this 
formulation of tlie question and its difficulty. 

1. Let (cf. p. 3, footnote) H{z) = ao + + • • • be 

an entire function with no zeros; let bo be the principal 
value of the logarithm of a(,( t^O). Then, as we have seen, 
in virtue of the (*ondition that h(0) shall equal bo, 
h{z) = log n{z) becomes a well-defined entire function. 
For ev(‘ry 5 :, Jiiz) is one logarithm of TI.{z)‘, e.g., A(l) is 


one value of log ( X] ^n)* Which one is it? 
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2. Let the non-zero complex numbei-s a and h be 
distinct, and let k be a path connecting them but not 

b 

c dz . 

passipig through the origin. Then / — is a definite 

L- z 

complex number. Since ~ log ^ contained 

among the infinitely many values of log 6— log a. 
Which one of these values is it? 

3. Let the single-valued function /(^ j) be regular on, 
and in the interior of, the simple closed path C (cf. I, 
§33, Theorem 2), and let/( 2 :) 7 ^ 0 alo 7 ig C, Let a denote 

any point of C. Then, since £ (log f(z)) = 

L f LM. Ay - ^Qg/(«) ~ log/(«) 

2‘7rf J f(z) 27rf 

is certainly an integer ^ 0. What is its value? 

4. Finally, we wish to show that a point may be 
regu lar f or some continuations, singular for others: 

^/~-27^^ has two values; select a definite one of 
these and denote it by Cq. Then we sec imrnediatedy, 
that there exists one, and only one, x)ower series, 
Cn(z — 1)"*, which begins with Cq, converges in a 
neighborhood of +1, and for wLich 

[Cji + 6‘i(^ — 1) + * • •]“ 

= -2« + (2 - 1) - + ■ ■ ■ ; 
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wliicli, conRC(iuontly, in a few words, represents a value 
oi: VLo^ z ~~ 27 n, whei-e Log ^ denotes the principal 
value oi log <3:. ,e- ~ +1 is, ol course, a regular point for 
this functional eleiucnt. If we now imagine this element 
to be continued along, say, the unit circle in the positive, 
sense— which is obviously possible,-— then, on re- 
turning, the point +1 turns out to be singul ar] for, 
Log z has been increased by ^iri^ and v/Log z is evi- 
dently not regular at 2; = -fl any more/ 

We can now formulate the question somewhat more 
sharply in the following manner: Let w = f^iz) be a 
regular element, at 2: = Zo^ of the multiple-valued func- 
tion w = F{z), and let it be continuable along the path 
k extending from to Then we land at ^ with a 
definite one of the functional values T(f). Which one 
of these values is it? 

For the present we shall give merely a cursory pre- 
sentation of the method for overcoming these diffi- 
culties. Only after we have examined several examples 
more closely in this and the next chapter shall we seek a 
general answer in the last chapter. 

The functional element from which we proceed may 
be assumed to be a power series. We imagine its circle 
of convergence to be cut out of paper, and its points to 
be made l>earers of the (unique) functional values of the 
element. If, now, we continue the initial element by 

^Something similar actually occurs already in the domain of 
reiil numbers, — Zaxy = 0 represents the so-called 

folium of Descartes, y is triple-valued for all 0 < a; < a -(/i. 
The uppeu’ two of the three arcs are singular at a; = a -^4 (the 
differential quotient is co) and ‘‘are joined there^h the other arc 
remains regular. 
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means of a second power series, we also think of its 
circle of convergence as being cut out and pasted in the 
proper position on the first disk. (We hereby obtain a 
figure like that in I, p. 100, Fig. 7b.) The parts pasted 
together are bearers of the same functional values, and 
are accordingly counted henceforth as a single sheet 
covered once with values. If we succeed in carrying 
out another continuation, we paste the new disk on in 
an entirely similar manner, etc. Each new disk is pasted 
on the preceding one, from which it was obtained by 
means of (eo ipso single-valued) continuation, in the 
manner described. 

Suppose that, after repeated continuation, we arrive 
with one of the new circles over old territory — i.e., 
over a circular disk not immediately preceding (cf. I, 
p. 103 and Fig. 8). Then, the new disk shall be pasted 
together with the old one when, and only when, both 
are bearers of the same functional values, or, only so 
far as both bear the same functional values.^ If, how- 
ever, they bear different functional values, let them 
overlap and remain disconnected. Then two sheets, 
which are bearers of different — but on each sheet fully 
unique — functional values, are superimposed on this 
part of the plane. 

We always obey this rule in the future, and we imag- 
ine our procedure to be continued as long as possible. 
Then there results a surface-like configuration which 
covers the plane with several, in general actually 

Tf the function is single- valued, then the united circles gradu- 
ally fill out the entire region of existence of the function precisely 
once; and the resulting sheet, together with its affixed functional 
values, represents the function completely. 
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infinitely many, ‘'sheets/' which can have the most 
varied forms, and can be joined together in the most 
varied manners/ It is called the Riemann surface of 
the multiple-valued function w = F(z) defined by the 
initial element. The entire domain of values of F(z) is 
spread out on it in a completely single-valued manner, 
to the extent that, on every sheet, every point is the 
bearer of one, and only one, value. (All possible free 
boundaries or boundary points of a sheet of this surface 
are singular for the continuations giving rise to the 
sheet in question; for details, see below.) 

Only after we have illustrated these very general 
ideas by several transparent examples shall we be able 
to fully appreciate the advantage of this method of 
representation. 

Note, finally, that it is of course immaterial whether 
we continue by means of circular disks or by means of 
any other regions — say in the manner described in I, 
p. 92— provided only that we adhere to the agree- 
ments we have made. 

Exercises. 1. Is it possible for a multiple-valued 
function to have the same value at two superposed 
points of its Riemann surface? Can it have the same 
value at all points of a neighborhood of two such points? 

2. What kind of function (single-valued or multiple- 
valued) is defined ]}y each of the. following formulas: 

qn the (toiirHf* of sheets together, it is sometimes neces- 

sMry to join two sheets which are separated Hy others lying be- 
tween them. We must imagine this to take i)laee without cutting 
the intermedin shends, without touching them, so to speak, in 
the process. This, of course, is impossible for concrete execution, 
but cau.s(,*s no difficulty for the purely mental construction which 
we are solely cfjncerned with here. 
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a) Ve® 'COS 2 , COS V^; c) Vl — sin^^;; 

d) Vp(z); e) Vp{z) - /) log (e^ 

§11. The Riemann Surfaces for -^z and log z 

1. w = sjz can be regarded as the simplest multiple- 
valued function. We saw in I, §26, 2, that it is possible to 
continue the real function \/i) defined and positive 
for a; > 0, into the complex domain. For a neighbor- 
hood of +1, e.g., the continuation is effected by the 
binomial series 

11 + {Z ~ 1 )]-' 

= 1 + - 1) - ^(2 - If 


Proceeding from this element, we can carry out the 
continuation absolutely unhindered and in a fully 
unique manner so long as we avoid the ncjgative axis 
of reals. With reference to the procedure, described in 
the preceding paragraph, for constructing the Riemann 
surface, this has the following significance: By joining 
domains, we can first of all fill out the entire plane 
which is cut only along the negative axis of reals, and 
make every one of its points the bearer of a single 
value of which is uniquely determined l)y the initial 
element that was chosen. We say that, from the entire 
domain of values oi w \/z (wliere every z 0 beat’s 
two values), we have extracted a branch wliich is regular 
in the region just mentioned. 
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;N'ow, since the origin is the only finite singularity 
(concerning tlie point « ^ s(‘e ]). 1 05), a further, analogous 
continuation a.cross tli(‘ <i<lges of tiiis domain is possible. 
However, if, cag., W(i eontinue downward across the 
upper bank oi the cut, we are no longer permitted to 
paste togetlier. For, tlie parts of the region which pro- 
ject from the upper bank into the lower half-plane are 
now bearers of different functional values. These values, 
as we know, are the values already affixed there multi- 
plied by the factor = —I; i.e., the first values 

with opposite sign. Thci plane is thus covered a second 
time by these regional segments;^ and since the origin 
is the onl}^ ol^stackj to continuation, this second cover- 



Fig. 5. 


^We imagiDC this s<*cf)nd nheefc to lie above the first. 
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ing will eventually spread over the whole plane (exclud- 
ing 0) until it returns to tlic negative axis of reals, re- 
ceiving in the i)rocess tiie same values as before with 
sign changecL 

Then the entire plane is overlaid with two sheets 
which wind around the origin, like a helicoid, in two 
turns, and on which the entire domain of values of \/z 
is spread out precisely once (cf. Fig. 5). The surface 
has two free boundaries, one above and one below, 
extending along the negative axis of reals, across which 
we can continue the function still further. Assume this 
to take place once more across the upper bank into the 
lower half-plane. Then, the attached regional parts, 
which at first cover the plane a third time, are bearers 
of values which again are equal to those below them 
multiplied by the factor (—I); they are thus bearers 
of the same functional values as those in the lower half- 
plane of the lowermost sheet? We therefore do not have 
a third sheet, but rather, in a few words, we must join 
the two free edges by penetrating the intermediate sheet 
But then everything is accomplished at a blow. For now 
there is no free boundary and no possibility for an 
analytic continuation any more: we have obtained the 
Riemann surface for the function w == V5, on which the 
entire domain of values of this function is unfolded in a 
fully unique manner. is a single-valued function of 
position on this surface. If we proceed from point to 
point along any path on the surface, we move in just as 
single-valued a domain of values as in the case of a 
single-valued function.^ 

^Since, after the first sheet was finished, we could have con- 
tinued the function upward instead of downward, or in both direc- 



THE RTEMANN SURFACES FOR AND log Z 103 

A (non-zero) point of the surface now is no longer 
determined by alone; it is also necessary to specify 
the sheet on which it lies. Since numbering the two 
sheets is, naturally, of no consequence, it is usually 
arranged so that the surface is thought of as being built 
up in some arbitrary, but henceforth fixed, manner. 
Then a point of the same is determined uniquely by 
naming z and the value of \/z affixed there. Finally, 
the point 0, round which the two sheets hang together, 
is also added to the surface, but is only counted once. 
We let it bear the value 0, and call it a simple branch- 
point of the surface (or a branch-point of order one ) . It is 
easy to verify that every complex number w is affixed 
once, and only once, to our Riemann surface. 

In a neighborhood of every non-zero point of the 
Riemann surface, the attached domain of values con- 
stitutes a single-valued regular analytic function. More- 
over, this neighborhood may be expanded so far as it 
remains single-sheeted and, consequently, does not 
contain the origin. If & is such a region (e.g., the circle, 
in one sheet, with center Zq and radius [ 1 ; or the right 

half-plane of one sheet; or the plane cut along the 

tions at the same time, we see that the form and position of the 
line of penetration of the two sheets is quite unimportant. The 
penetration is, so to speak, not there at all, or, in any case, is only 
involved in the imperfection of our empirical space-perception. 
Note, merely, that the winding-surface just has the characteris- 
tics that two sheets lie one above the other at every point distinct 
from zero, and that it is capable of returning us to any one of its 
points (different from zero), taken as starting-point, after a double 
circuit of the origin. The penetration of the intermediate sheet, 
which is necessary for our mateidal spatial perception, need not 
be thought of at all ; disregard it completely. 
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negative axis of reals), we say that it, together with its 
covering of values, represents a branch of the function. 

(If, e.g., we denote by C the unit circle described in 
the positive sense, and if we begin at +1 with the 
meaning of developed on p. 100, then accordingly 

f ~ -2 -2 = -4.) 

2. Matters are analogous for the function w ^ ^z, 
(p > 2). The results of I, §26, 2 show, on the basis of 
similar considerations, that in this case the continuation 
process, as it was envisaged with the aid of Fig. 5, is not 
yet complete after two encirclements of the origin. If 
we continue across the free edges of the surface obtained 
thus far (say, once more, across the upper bank into the 
lower half-plane), we see that a third covering of the 
plane is necessary in order to accommodate the domain 
of values; etc. Only after p coverings is it apparent^ 
that another continuation across the upper bank into 
the lower half-plane does not lead to a new covering of 
the latter, but, rather, to the one which is already 
attached to the lowermost sheet in the lower half-plane. 
Therefore we penetrate the intermediate (p — 1) sheets 
and fuse the upper bank of the pth sheet with the lower 
bank of the first sheet. Therewith every boundary dis- 
appears, and the continuation process is now complete. 

^The values associated with the points of the second sheet differ 
from those of the first by the factor 'p^^ith those of the third, 
by the factor • • • , with those of the 7 >th, by the factor 

g(p-i)(2xi7p)^ and, at the next step, differ by the factor 6'^ 
i.e., not at all. 
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On this p-sheeted Riemann surface for the function 
n) = Vz, its entire domain of values is uniquely un- 
foldedj and, in addition, all the remarks we just made 
in the special case p = 2 are valid here. The origin is 
called a branch-point of order {p — 1). We now add it to 
the surface, counting it once, and let it bear the value 0. 

We indicate briefly, that it is possible to carry out 
exactly *the same considerations using the sphere of 
complex numbers (cf. I, p. 4) instead of the 2 ;-plane. We 
arrive at an analogous two-, p-sheeted covering of the 
sphere with a Riemann spherical surface. The reader will 
be able to assure himself of this without any difficulty. 
The branch-point 0 of order (p — 1) is now at the south 
pole, and we find — and herein lies the advantage of 
using the sphere — that the north pole, i.e., the point <» ^ 
is a point of an entirely analogous nature, namely, a 
branch-point of order' (p — 1). We have before us a 
p-sheeted Riemann sphere with two branch-points; 
neither is favored above the other on the sphere. Corre- 
sponding to the agreements made in the case of 0, we 
also add the point to the surface, count it only 
once, however, and let it bear the value oo . 

It can be verified immediately,’ that every complex 
number w (including 0 and oo ) is affixed to the surface 
once, and only once. 

One’s insight into such a fact can be made more vivid 
in the following way: In studying a function w = f{z), 
instead of letting the points ^ hear the values w, as we 
have done up to now, place near the 2 ;-plane (or z- 
sphere) a 'w;-plane (t(;-Hphere) , and mark the point w = 
flz) on it. We call this point, briefly, the image of 0 in 
virtue of the mapping function f{z). If we displace 2 ; 



106 


ROOT AND LOGARITHM 


continuously on its sphere (naturally within the domain 
of existence of f{z))j w will also move continuously on 
its own sphere. Consequently, the mapping itself is 
said to be continuous. To every point, line, figure on 
the 2 ;»plane or 2 :-sphere there corresponds, on the basis 
of this continuous representation, an 'fimage^^ on the 
t4;-surface. The nature of this mapping must be regarded 
as characteristic for the function f 

If we make use of this notion, we can also state our 
last results as follows: By means of w = V 0 , the corre- 
sponding p-sheeted Riemann sphere is mapped one-to-one 
on the simple^ {i.e., one-sheeted) w-sphere. To every point 
of the one configuration corresponds one^ and only one^ 
point of the other f 

3. The construction of the Riemann surface for 
w = log z is analogous to that for w — 's/z, since here, 
too, only 0 and are singular. We begin, say, with the 
principal value, regular at +1: the functional element 

iWe cannot discuss here in greater detail the properties of this 
mapping — its continuity was of course evident, — important as 
they are for the whole development of the theory of functions. 
Their investigation forms the content of the little volume of 
L. Bieberbach, EinfClhrung in die konfonne Abbildung, 3d ed., 
Sammlung Goschen No. 768, Berlin and Leipzig, 1937. See also 
C. Carath6odory, Conformal Representation^ Cambridge Tracts 
No. 28, 1932. 

2The German word is schlicht. The term ^‘smooth” is sometimes 
used in this connection. 

'Tf one imagines every point, 2 , of the z-plano to be connected 
with its image, ?./?, of the ^n-plane by means of an invisible thread, 
then these, in their totality, constitute that “inner bond'' of 
which we spoke in I, p. 103. 
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It can (cf. I, §2(3, 1) be continued uniquely and unhin- 
dered over the s-plane cut along the negative axis of 
reals. We thus obtain a single-valued and regular func- 
tion ii^ this region; it is the principal value or principal 
branch of log z. 

We can further continue across the edges of the cut. 
If this is done, as in the case of Z^z, we get a second 
sheet (to be thought of as lying above the first), whose 
points bear values equal to the subjacent ones increased 
by 27ri. The same occurs when we come to a third sheet, 
etc. The construction of the surface proceeds in exactly 
the same manner as for wz; except that here we never 
come to an end, because every sheet bears values equal 
to those immediately below increased by 27^^. We there- 
fore suppose that above every sheet there lies another 
one; whereby, in imagination, the continuation process 
in the upward direction is completed, i.e., a further 
extension in this direction is impossible. 

Now, the lower bank of the first sheet is still free, 
and we can continue across it (into the upper half- 
plane). We think of the resulting new sheet as lying 
below the first; it bears values equal to the superjacent 
(principal) values diminished by 2Tij — ^new values in 
any case. This ever-possible continuation' process also 
produces new sheets with new coverings endlessly in 
the downward direction. For, every sheet bears values 
equal to those immediately above diminished by 27ri. 
If we accordingly suppose that below every sheet there 
lies another, we finally, in imagination, complete the 
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process of constructing the surface, which now is not 
open to extension in any direction. 

The entire domain of values of tf; = log z is unfolded 
on this infinite-sheeted Riemann surface in a fully 
unique manner; log 2: is a single-valued function of posi- 
tion on the surface. 

If we carry out the same procedure on the Sphere 
instead of the plane — picture an infinite number of 
spherical shells wound around one another, — we see 
immediately that the point 00 (the north pole) is ex- 
actly the same sort of point as the point 0 . We have 
before us an infinite-sheeted Riemann sphere with two 
branch-points of infinite order. Such branch-points are 
never added to the surface, and are never made to bear 
functional values. 

It remains for us to say a few words about the 
distribution of the domain of values of log z on our 
surface. On the first sheet are attached the principal 


values of log ^ — J 


r 


i.e., 


those for which the path 


of integration runs wholly — but arbitrarily — in the 
plane cut along the negative axis of reals. If, in order 
to get from +1 to we proceed, say, first along the 
positive axis of reals to the point | 3 |, and thence along 
the circle with center 0 and radius | z | along the shortest 
path to Zj we have 

1 2 1 z 1*1 amx 

1 Ul 1 0 

= Log \ z \ 4 - z am 0, 
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where Log | z | denotes the real logarithm of the positive 
number | 2 |, and we take 

— TT < am z < -h tt/ 

(The multiple-valuedness of log 2 : accordingly appears 
as an immediate consequence of the ambiguity of the 
amplitude of a complex number.) The principal value 
of w = log z thus satisfies the condition 

TT < Q (W) < + TT. 

The point w therefore lies in the strip of the ^^)“plane 
characterized by precisely this inequality; its width is 
2'irj and it lies symmetric with respect to the axis of 
reals. We read off from 2 = o'", that every point w of this 
strip is the image of a 2 : 0. Consequently, by means of 

the principal value of log z, the cut plane, 0 excluded, 
is mapped one-to-one on the indicated strip of the 
ty-plane. The remaining values of log z, which are to 
be found on the other sheets, diJffer from the principal 
value l>y only a term of the form 2kTri with integral 
Jc ^ 0. The corresponding points w consequently lie in 
the strips characterized by 

(2k - 1) TT < 3? (Z) < (2k + 1) TT, 

(k = ±1, db 2 , • • •). 

These are joined to the first strip in an unbroken se- 
quence, and fill out the entire w-plane precisely once.^ 

iWe add the upper hank (am 2 = -f-7r) of the cut to the cut 
plane in order t.hat every z 7^ 0 shall lie in it precisely once. 

2 ICvid(‘rdly t h(*y are simply the period-airips of the function e“. 
Indeed, necordinj*; to this, the imiltiple-valuedness of lo = log z, 
which consist H sohdy in an arl)itrury tenia of the form 2kTri, is 
precisely the “inverse" phenomenon to the simple periodicity 
of the inverse function z => which has the primitive period 2Tri. 
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We may therefore say that by means of w = log Zj the 
infinite-sheeted Riemann z-plane with the two branch- 
points 0 and oo {not belonging to it) is mapped one-to-one 
{and continuously) on the simple w-plane] or, that every 
complex number (f^co) is attached to one, and only 
one, point on the Riemann surface for log z. 

The questions raised as examples on pp. 95-96 are 
now easily answered: 

1. log H{z) is uniquely defined as follows: The choice 
of log H{Qi) means that we begin at the point H{Qi) of an 
arbitrarily chosen, but now fixed, sheet of the log-sur- 
face. Let us proceed from 0 along two paths, ki and iba, 
to a point Zq. Then the value of the function H varies 
from H{Q) to H{zq) along two paths which, since 
H{z) 7 ^ 0, can neither pass through, nor enclose, the 
point 0. Both, therefore, lead us on the log-surface to 
one and the same perfectly well-determined point of a 
perfectly well-determined sheet. There the functional 
value log H{zq) stands uniquely affixed. 

h 

2 / _ = log b — log a is now to be understood 

Jk ^ 

as follows: Beginning at th.e point a on any sheet 
(i.e., choosing log a arbitrarily), we describe the path k 
on the log-surface. Since k must not pass through 0, it 
leads us to the point b of a perfectly well-determined 
sheet, and here the value of log ?>, which alone comes 
into question, is uniquely attached. 

3. Here, too, everything is determined uniquely if 
we follow the patli described on the log-surface by 
f{z) as z traverses the path C. 
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As a further application, we prove the following 

Theorem. Let the two functions f(z) and <p(z) he regular 
in the sifnply connected region Let the simple closed 
path C lie within ®, and let 

f(z) ^ 0, I f(z) I > 1 ,p{z) 1 

along C. Then the two f unctions f{z) and f(z) + (p{z) have 
the same number of zeros in the subregion of @ enclosed 
by C. (Rouche’s Theorem.) 

Proof: According to I, §33, Theorem 2, it is sufficient 
to show that 


/ 


r + <p^ _ r 

If +<p fj 



(1 + (<p/f)y 
(1 + (<p/f)) 


dz = 0. 


The last integral is equal to [log (1 + (<^//))]^^^ i.e., the 
difference between the initial value and the terminal 
value of log ( 1 + {(p/ f) ) when C is traversed in the positive 
sense. But, when z describes the path C, the value of 
1 + i^/f) remains in the right half-plane (actually, 
inside the circle with center 4-1 and radius 1), because 
I ip/f 1 < 1. Since the (more precisely: every) logarithm 
is fully unique there, the above-mentioned difference 
must equal zero, q. e. d. 

Exercises. 1. Evaluate the integrals 


i 


dz 


and 



z dzj 


where k denotes the first quadrant of the unit circle 
that lies on the first-covered sheet of the proper Rie- 
mann surface. 
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2. What values can the integr-al f have for an 

Vz 

arbitrary path extending from a definite one of the 
(p distinct) points +1 to a definite one of the (p dis- 
tinct) points Zq 0? 

Zo 

What values can the integral J log z dz have for a 

1 

corresponding interpretation? 

3. Prove the fundamental theorem of algebra, with 
the aid of Rouch6’s theorem, by setting 

<p{z) = ao + ai 2 : + • • • + and f{z) = a« 2 :”, 

iP'n 9^ 0 ), 

and choosing for C a circle with a sufficiently large 
radius. 

§12. The Riemann Surfaces for the Functions 

^ = V {z — ai){z — az) • * • {z — aO 

The situation as regards the function ly = Vs — a 
(a arbitrary) is quite analogous to the case w = -s/z; 
only, instead of the origin, the point a is the simple 
branch-point. For the sphere, the difference appears 
even more unessential, since now, as before, we obtain a 
two-sheeted Riemann sphere with two branch-points. 
The branch-point which previously lay at the south 
pole now lies at a — in all other respects the considera- 
tions of the preceding paragraph remain unaltered. 

It is but a short step from this surface to the surface 
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for the function w = V{z — ai){z — as), where Ui and 
az denote arbitrary, but distinct, complex numbers. 
We again ol)tain a two-vsheeted Riemann sphere having 
simple branch-points at ai and as. The point oo is now 
like any other point distinct from ai and az] i.e., the 
two sheets pass by each other smoothly at » . 

. We shall derive all this once more, directly, accord- 
ing to the general considerations of §10: 

w ~ {z — ax)(z aZ) 

is regular at all poi nts dist inct fr om ai an d ag. If Zq is 
such a point, let V^o — cti and V Zq — be arbitrary, 
but henceforth fixed, values of these double-valued 
square roots. Then, with the aid of the binomial series 
employed on p. 100, we obtain from the regular elements 

s,{z) = Vzo - a. (l + , (" = 2), 

at Za an expansion of w. 

f = = C„ + Ci{z — z,!) + Ciiz - Zaf + • • • , 

which converges for a neighborhood of Zq. / constitutes 
an element of our function. Starting with this element, 
we shall construct the Riemann surface. We can con- 
tinue unhindered over the entire plane so l ong as w e 
avoid the points and a^. Since w = Vz — a, • 

. Vz — a.., a multiple covering of a point z could only 
take place if it were reached along two paths beginning 
at Zo and surrounding one of the two points a,. Let us 
cut the plane from n, to to co, and never pass over 
this cufi dui-ing the continuation.’ Then, by means of 
''riic <uil <'iin be drawn arbitrarily; l)ut it must not intersect 
itself, and must avoid the point zo. 
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our continuation process, one, and only one, functional 
value is associated with every point of this cut plane; 
the latter becomes a bearer of a branch of our function/ 
Now we can further continue across the banks of the 
cut, and the only question is, whether in so doing we 
obtain new coverings o r not. I f we had only the element 
fi(z) of the function Vz — before us, we should only 
have to make one cut from ai to oo (corresponding to 
the cut along the nega tive axis of reals in § 11 ), and, in 
crossing it, — ai would be multiplied by (— 1 ). 
T he sam e holds for the element f2(z) of the function 
V;s — 02 if we make a cut from 02 to co . Accordingly, 
the cut from Oi to 02 to 00 which we just drew can as- 
sume this role for both square roots. Lot us continue 
across that part of the cut which extends from Oi to 02 
(and which is oriented thus). Then, since /i goes over 
into —/i and /a remains unaltered, the regions already 
covered are overlaid with new values, namely, the old 
ones with sign changed. There results a second sheet — 
which we imagine to lie, say, above the first — with a 
second covering (differing from the first only in sign). 
It hangs together crosswisej to put it briefly, with the 
first sheet along the cut-segment in question, a crossing 
of this segment always leading us from one sheet to 
the other. The second sheet also must be thought of as 
being cut from as to co . 

Then both sheets at present are cut along as • • • co . 
If we cross this cut in the process of continuation still 

^We arc rna,kiiig use here of the following obvious Theorem: 
If f(z) = {identically) for the functional dements /, 

fi, f<i, and if it is possible to continue fi and A, then the 'product of 
their continuations is a continuation of f{z) itself. 
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possible, both of the above-mentioned square roots are 
multiplied by (--1), so that w remains unaltered; i.e., 
such a crossing does 7 iot lead to a new covering, but we 
must rather Join each sheet to itself along this part of 
the original cut. Therewith all boundaries disappear, 
and hence no further continuation is possible. Thus, we 
have obtained once more the above-described two- 
shee ted Riemann sur face with two branch-points. 

ai){z — a2) is a single-valued function of posi- 
tion on this surface. We again add the points ai and a2 
(each counted only once) to the surface and let them 
bear the value 0, and we likewise add the points <» of 
the two sheets (which are simple there) and let then?, 
bear the value . Then every comxdex number w 
(including » ) is to be found at precisely two points of 
our Riernann surface. 

It is not at all difficult to apply these considerations 
to the functions 

w = V(;2 — ai){z — ag) • • * (2; — aO, 

where k > 2, and ai, a^, • ' ' , au are distinct, but •Other- 
wise arbitrary, complex numbers. One has only to 
draw a cut, not intersecting itself, from ai to a^ to 
to • • • to CO / and carry ou t exactly the same considera- 
tions with the k factors — a,, (?/ = 1, 2, • • • , k), 
into which our function can be factored, as we just did 
for k = 1, 2. We find, then, that the two sheets must be 
joined crosswise between ai and a2, and likewise be- 
tween aa and ai, etc., whereas each sheet must be re- 
joined to itself between 02 and and ag, • • • .We 

Vlf it is the numbering of the a, may be changed 

for tiiis purpose. 
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thus obtain in both cases, whether k be odd or even 
(2r — 1 or 2r, say), a two-shccited Riemann surface 
with the even number, 2r, of simple branch-points lying 
at the points a„ and — for odd k — also at qq d 

We call attention to the particularly important cases 
k = 3 and k = 4, each of which leads to a two-sheeted 
surface with four branch-points* 

Although these surfaces may seem to be quite analo- 
gous to those with two branch-points that were ob- 
tained for k ^ 1 and /c = 2, a fundamental difference 
between the two deserves to be stressed. The two- 
sheeted sphere with two branch-points can be mapped 
one-to-one and continuously on the simple sphere. It 
follows from this, — also from direct consideration, — - 
that every simple closed curve on the surface^ divides it 
into two pieces which are conipletely separated by this 
curve — as is also the case for the simple sphere. It is 
customary to express this by assigning the two surfaces 
the same genus] in the present instance, the genus zero. 

The two-sheeted sphere with Jour branch-points 
(which is obtained for = 3 and k = 4) is essentially 
different in this respect. Let us. draw the curve C (see 
Fig. 6), enclosing Oi and ^2 (but only these two branch- 
points), entirely in the upper sheet. Then we can still 
connect the two points Zo and Zi on the upper sheet, 
where Zo and Zi lie on opposite sides of C, by means of a 
path lying on the surface but not intersecting C. In 

q^or even /t, on the other hand, «» in an ordinary point, i.e., 
both sheets are simple there, so that oo appears on the surface 
twice — as was described in detail for k ^ 2. 

^That is, the curve extends from a point zq of some sheet back 
to the same point on the same sheet. 
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Fig. 6 we attempt to make this clear by representing 
the path in the lower sheet by an interrupted line, in the 
upper sheet by a continuous line; the cuts along which 
the sheets have been joined crosswise are dotted/ We 
therefore assign a different genus to this surface, 
namely, the geyius 07ie. In general, the surfaces with 2r 



branch-points, corresponding to A; = 2r — 1 and k = 2r, 
are given the genus (r — 1). 

We can only remark very briefly, that these essen- 
tia lly diffe rent co nnectivities of, e.g., the surfaces for 
's/ 1 — and — g 2 W — gs constitute the basic 

reason that the integrals 

r r dtt; 

J — 10^ ^ i V 4^3 ~ -• ^3 


^The cut ticginning at leads to co or < 24 , according as k is 
equal to 3 or ‘L 

fere wc must interchange the letters z and iv in order to 
remain in acetord with and 9. 

'rh<‘ ah(ivc roots are, except for a constant factor, obviously of 
the type dealt with, with k — 2 and Ic = 3. 
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or, more clearly, their inverses 

ty = sin 2; and w = p{z) 

are of such fundamentally different types, namely, 
simply-, doubly-periodic, respectively. 

Exercises. 1. Prove the theorem formulated in the 
footnote on p. 114. 

*0 

2. What values can the integral [ have if 

V 1 - 3 “ 

0 

the path extends from a definite one gf the two points 
0, in an arbitrary manner, but avoiding the points rbl, 
to a definite one of the points Zo(9^ dzl)? 

Do these integrals still have any meaning for = ±1 
and Zo = OD? If so, what do they mean? 
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§13. Statement of the Problem 

All the examples of multiple-valued functions han- 
dled thus far, with the exception of log have been 
algebraic functions. They are named thus because they 
result from the solution of an algebraic equation, i.e., 
an equation of the form G{Zj w) — 0, where G denotes 
an entire rational function of z and w. If we imagine G 
to be arranged in ascending powers of w, it can be 
written in the form 

goiz) + 9iiz)-w + g2iz)-w'^ +••••+ gmiz)-w’^ = 0 , 

where the coefficients g,{z) represent polynomials in 
z alone. 

Now, if a functional element w = f(z) is such, that 
when substituted for w in such an equation it satisfies 
the equation identically, i.e., that G(z, f{z)) = 0 for all 
2 of a certain region, we say that/( 2 ) is an element of 
an algebraic function defined by G{z, w) = 0. If m < 4, 
one can solve the equation, and thereby obtain the 
function in (luestion explicitly, and examine it. For 
m > 4 this is no longer possible, as is well known. 
There arises, then, just the problem of whether a func- 
tion is at all defined in a similar manner by such an 
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120- 


ALGEBRAIC FUNCTIONS 


equation, whether only one^ function is yielded, what 
the nature of this function is. 

First we state the hypotheses precisely. We may 
assume G{Zj w) = 0 to be irreducible, i.e., not expressible 
as the product of two polynomials of the same type as 
G.^ For obviously the treatment of an equation of the 
form 


Gi(z, w)'G2(z, w) = 0 

can be replaced by the separate consideration of the 
equations = 0 and G^ ~ 0. 

If, now, we imagine a particular value Zq to be sub- 
stituted for z, we have before us an equation in w, with 
numerical coefficients, which, in general, will have m 
distinct roots • An exception takes 

place only if 

a) = 0, because then the degree of the equa- 
tion is lowered, or if 

b) G{zq, ^t?) = 0 has multiple roots. 

This last case can occur if, and only if, a certain 
expression, the so-called discriminant of the equation, 
which is an entire rational function of the coefficients, 
vanishes. Furthermore, if G{z, w) is assumed to be 
irreducible, the discriminant, which we shall denote by 
D{z), does not vanish identically, but, on the contrary, 
is a polynomial of a definite degree. (We must assume 

^That more than one function may be defined by such an 
equation is already demonstrated by so simple an example as 
— 2:2 which obviously yields hvo fiUK'lions. 

^This concept is an absolute one in the; <aisc^ of two varialdes, 
whereas in the case of one variable it has a (hdinite iricaning only 
after the nature of the numerical coefficients has l)een established. 
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that these algebraic facts are familiar to the reader.) 
Consequently'; the exceptions mentioned under a) and 
b) can, in any case, occur only for a finite number of 
special values of z, which we denote by ai, a 2 , • * * , ctr. 
We shall exclude these ^ ^critical points’^ from considera- 
tion for the present. Then we can say that the equation 
G(zqj w) = Q has precisely m distinct roots, Wo^\ • • * , 
Wo'^'\ for every z = Zq distinct from the critical points; 
210 is made the bearer of these roots. Our goal is the 
following 

Theorem. The mfold domain of values, which is made 
to correspond to the points of the plane (‘‘punctured’’ by the 
exclusion of the a^) in virtue of the equation G(z, w) = 0, 
is that of a single m~valued analytic function, w = F(z), 
Or, more briefly: the equation G(z, ^^?) == 0 defines pre- 
cisely one m-valued regular function, w = F(z), in the 
punctured plane. 

Functions that can be defined in such a manner are 
called algebraic functions. 

We shall prove this theorem, which forms the basis 
of the theory of algebraic functions, in the next two 
paragraphs; and beyond that, we shall consider the 
behavior of F(z) at the critical points, with which we 
also class the point oo . 

§ 14 . The Analytic Character of the Roots in the Small 

Let 2o be a point which, for the present, is subject 
solely to the condition that grai^o) ^ 0. Then G(zq, w) = 

0 has, in any case, roots, some of which may be multi- 
ple roots, however. Let Wo be such an oi-fold root, 

1 < o: < m. Then there is the following 
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Theorem on the continuity of the roots. If a circle ii , 
with a sufficiently small radius e > 0 is described about 
Wo as center, then it is possible to draw such a small circle 
Ks with radius 5 = 5(e) > 0 about as center, that, 
for every Zi 9 ^ Zq in Ks, the equation G{zi, w) ~ 0 has 
precisely a distinct roots in 

Proof: If we set w — {w — wf) + Wq and arrange in 
ascending powers of (w ■— Wo), we may write 

G(z, w) = Qoiz) + “ W + • • • 

+ gm(z) • (w - WoT, 

and for the new coefficients we have 


go(^o) = gi{Zo) =:••«= ga-^i(Zo) = 0, QaiZo) 7^ 0. 


Consequently, it is possible, first of all, to desciibe such 
a small circle Ks^ with radius 5 ' > 0 about the point Zq 
as center, that D(z) and g^iz) differ from zero within 
and on the boundary of Ks^ (except, possibly, D{z) at 
the center Zo, in case a > 1). We then set 

G{z, w) = ga(z)*(w — WoT'[l + A + B], 

where 

A = A{z, w) 


= ^-{w - w„) + . . . + &.(w, _ wor-\ 

ga g, 

^This theorem, at the same time, gives a deeper interpretation 
of the multiplicity of a root; for it says that an a-fold root of an 
equation branches off into a simple roots if the coefficients of the 
equation are varied a little. 
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B = B{z, w) 

-- ^ _l_ . . . ^ ^ 

g W — Wo (y^ ^ tyo)"' 

Now, let c > 0 be the greatest lower bound of | g^^z) | 
for all z in (c is greater than zero because g^(z) 
vanishes neither inside Ky nor on its boundary) ^ and let 
M be an upper bound for all 1 g,{z) [ in /f 5, : [ g,{z) | < M. 
Then, with 0 < € < | arbitrary to begin with, and for 
all z in Ki' and all w within and on the boundary of the 
circle K, with center Wo and radius e, we have 

M *6 /I I . I I m— a — In ^ e\ 

< —— (li~€+ +€ )<2 €. 

c 

Now let e be taken definitely less than but other- 
wise arbitrarily, and let it remain fixed from now on. 
Then, for all z m Kg' and all w in and on K.y 

1 A 1 = 1 A{z, w) \ < 

m 

We now choose 0 < 5 <C so small, that, in the interior 
of the circle Ks with center Zo and radius 5, the absolute 
values I goiz) 1 , 1 ^i(^) I , * * * , 1 dcc-i{z) 1 all remain less 
than the fixed number 


2 [- + \ + 
€ € 


+ 


ift is rrlenr what is meant in the cases a = 1 and a ^ m. 
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(This is possible because all these coefficients vanish at 
the point Zq.) Then, for all z in Ks and all w on the 
boundary of K,, i.e., for all z and w for which 

\ z -- Zq \ < b and w — Wq \ = e, 

we have 

IB = |<?.-l(l + 4+ +~)=|. 

We shall prove that our assertion is valid for these 
circles and Let Zi be an arbitrary point in /Cj. 
For all w on the boundary of 

I g«{Zr)-{w — WoT I 

> I ga{Zi)-{w - Wa)“{A{z^, w) + B(z,, w)) I, 

because there both A and B in absolute value remain 
less than f . If we apply Rouche\s theorem (cf. p. *1 1 1) to 
the functions of w(l) inside these absolute-value signs, 
and to the circumference of K,j we see immediately 
that G(zij w) havS precisely *the same number of zeros 
in the interior of the circle as the function 
•{w — WqY on the left does, i.e., precisely a zeros. And 
these must be distinct, because at Zi, which also lies in 
Kb', D{zi) 9^ 0. 

Now we make the further assumption that D{Z() 9 ^ 0 , 
i.e., that a = 1 at Zq. Then, for every z ^ Zi in /v^, tliere 
is one, and only 07ie, root of G(zi, w) = 0 in K,. ( 'ons(*- 
quently, this root is a single-valued and continuous 
function, ffz), of 2 :, concerning which we have the 
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Theorem on the differentiabiUty of the roots. w=f, ( 2 ) 

is a regular function of z in /ig. 

Prod: Let Zi ])e an arbitrary point, and + f a 
neighboring point, both in the interior of K, Let 
/i( 2 .) = w, and/, ( 2 , + f) = so ^ 

0, C?(e, + f, + oi) = 0, and— because of the* con- 
tinuity of the function/, ( 2 )— as f -> 0, co 0. Our new 
assertion then is simply that 


lirn 


fi( 2 i + r) 


/ifei) 1 . 00 

== lim ~ 


f-^O 


exists. Now, if we arrange in ascending powers of f and 
01 , (7(2. + r, u>. + <U)) = (7(2., wO + f.G*.( 2 i, W.) - 1 - 
m-( 7,.(2,, w.) + {terms which contain at least the 
factors C, tco, or 01- j. Here G,(z„ m.) and G^(z„ w.) 
denote, as usual, the respective (partial) derivatives of 
( 7 ( 2 , w) with respect to 2 , w alone, at ( 2 ., w.). Since the 
left-hand side and the first term on the right are equal 
to zero? we can write 


0 = !:[G.(z,, w,) -h P-f -f Q-u] 


+ “ {Gy,{Zl, Wl) + R-w], 

where, for brifvity, P, Q, R denote certain entire rational 
functions of f and 01 . Here (7„(2„ w.) 0, since w. was 

assumed to lie a simple root of (7(2., w) = 0; and we can 
therefore suppose f, and with it, w, already so small, 
that 
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But then the second bracket in the last equation is not 
zero; and it follows immediately that 


f[(zi) = lim ~ exists and is equal to 


G,{zi, Wi) 
G^{ziy WiY 


Q. B. D. 


§15. The Algebraic Function 

The theorems of the preceding paragraph have 
brought about the following situation: To every non- 
critical point Zq of the plane, there correspond m distinct 
values, which can be combined in every sufficiently 
small circle about such a point — briefly: “in the smalF’ 
— so as to form m separate single-valued and regular 
functional elements, which we shall denote by 

/l( 2 : 2 o), 72(2; 2 o), • • • , /m( 2 , 2 o)- 

These may be thought of as power series with center Zq. 

We have now to show that all these elements belong 
to one and the same m-valued analytic function, 

1 . We see, first of all, that each one of the elements 
can be continued unhindered over the punctured plane. 
For, let Ko be any circle in which one of our elements, 
say fi(Zj Zq), is regular, and let Zi be a non~critical 
boundary-point of Kq. Then, — because of the unique- 
ness of the combination in the small, — precisely one of 
the elements /p (2:; Zi), (p = 1 , 2 , • * • , m), must coincide 
with/i(2J, 2:0) in that part of the neighborhood of Zi 
which lies interior to Kq, wherewith the possibility of 
continuing /j is already demonstrated. 

2 . We now imagine .the critical points ai, a2, • • • , u, 
to be joined in any order, and then joined to the point 
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oo , by a simple line, L, composed of rectilinear segments 
and a half-line; and the plane to be cut along L (as in 
Fig. 7). Then each of the ele- 
ments fy(z; Zq) can be contin- 
ued unhindered over the cut 
plane — we shall denote this 
simply connected region by 
(£' — so that, according to the 
monodromy theorem (cf. I, 
p. 105), each thus gives rise to 
a single-valued and regular function in (S'. We shall 
denote the resulting functions by Fi{z), FaCs), • • • , 
I'espectively. These functions, which are obvi- 
ously independent of the choice of the starting-point ^o, 
combine ‘‘in the large” the entire m-fold domain of 
values borne by the points of to form m separate 
single-valued and regular functions in S'; and, when 
substituted for w, satisfy the algebraic equation 
G{Zi w) = 0 for every z in ®'. All that remains to be 
shown, now, is that all these m functions can be con- 
tinued into one another across the boundary, L, of (£' — 
in a few words, that they are the m branches of one and 
the same analytic function. To this end we investigate 
3, the behavior of the functions at the critical points 
and at co . Let a be one of the critical points; K, the 
circumference of a circle about a, which neither en- 
closes nor contains any further critical points; 2 : 0 , a 
point of K, Then every one of the m elements f,iz; Zo) 
can be continued along K (say in the positive sense). On 
returning to the point Zo, each of these elements must — 
again because of the uniciueness of the combination of 
the domain of values in the small — be continued into a 
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definite (but, in general, different) one of these, — and, 
of course, never two distinct elements into one and the 
same, since otherwise the inverse continuation would 
transform this last element into two distinct ones. To 
put it briefly, the m elements thus undergo a 'permuta- 
tion. We suppose the elements to be numbered in such 
a manner, that the permutation carries /i into/^, into 
/a, • • • into/^, and/p back again into/i, (1 < p < 
m), so that the first p elements form a cycle. ^ 

Then, in particular, /i (2; Zo); a^nd with it, ^1(2), goes 
over into itself after a p-fold continuation ai’ound a. 
If we accordingly set 

(2; - a) = {z'Y and Fi{z) = + a) = ^1(2'), 

(pi{z') is not only regular^ but also single^-valued, in a 
neighborhood of 2' = 0 , apart from tins point itself. 
For, as the variable 2' encircles the origin once (i.e., as 
its amplitude is increased continuously by 27 r), 2'^ en- 
circles the origin, and hence 2 the point a, precisely p 
times, since the amplitude of 2 — a is increased by 
2 p 7 r. Consequently, (pi(z') can be developed in a Laurent 
series, 

qf, in a permutation of m objects, a subset of these undergoes 
a “cyclic” permutation, we say that the elements of this subset 
form a cycle. There is then the simple Theorem: Every permMalion 
can he expressed as the product of disjunct cycles. 

For example, let vi = 0, and suppose that t he figures 1, 2, 3, 4, 
5, f), 7, 8, 9 a, re transforuK'd into 3, 7, ii, 4, I, S, 9, 0, 2, reH|>ec- 
tively. 'Tlien the figures 1, 3, 5, as wt^il as 2, 7, 9, form a cycle of 
degree three; the figures (i, 8, a eyele of <Iegn‘c t wo; th(‘ figure 4 
by itself, a cycle of degree one. 
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for a neighborhood of the orig’iii, so that F^iz) admits 
of an expansion of the form 

/'’i(2) = E 4 </r-^ 

for a neighl)orhood of the critical point ad We now make 
the further assertion: 

Only a Jlnite number of negative 'powers appear in this 

expansion. 

Proof: If (/m(a) 0, so that G{a, -u;) — 0 has precisely 

m ropts, some of which, however, are multiple roots, the 
theorem on the continuity of the roots states that these 
are continuous at the point a. Plence, in this case, no 
negative powers can appear in the above expansion. 

But if <jm = 0, to the gth order, say, we must proceed 
otherwise. We can set g„Xz) = (z — ay- hm(z), where 
h^(a) 7 ^ 0. Then, if we form 

•(?(., t(;), 

one can verify iium(.‘{iiately that, on setting {z af'W 
= y, this can be written in the form 

^(Zj v) = Jufz) 4- Ihiz)’V + • • • + K4z)'v" , 

where Jh, /h, - ' • , iu-i dcuiote suitable entire rational 
functions of z, (}l,>vi(>usl.y the eciuation '^{z^ v) = 0 is 
also irreducible, and, morc.‘ov(U‘, for its highest coeffi- 
cient we have hm(n) 0, Hence, the roots of this new 
equation are continuous at z = a, and conseciuently, 

^It iH oaHy to verify that, this one (‘Xpjinsion n.‘i)r(\seiit8 all the 
pfunctionK Fj, F-y * • • , Fp of our eyele of degree p if \v(^ Huhstitute 
for its p iueaaii»g.s. We Hhall not have to make use of 

this remark, how(‘v<,rr. 
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as in the case 5^ 0 just treated, admit of an ex- 

pansion of the form in question, in which, however, no 
negative powers appear. Since w = {z — it 

follows immediately that the roots of the given equa- 
tion, and hence our functions Fy{z)^ also admit of an 
expansion of the same form in a neighborhood of the 
critical point 2; — a, and that at most a finite number of 
negative powers (namely, at most 'p • q) can appear in 
this expansion, q. e. d. 

For the point 2; = «> the considerations proceed 
quite similarly; one has only to replace z — a every- 
where by 1 /Zj and regard a sufHcienyy large circle as 
the circumference, surrounding the point <» . These 
considerations, whose details everyone will be able to 
carry out for himself, show that each of the functions 
Fv{z) admits of an expansion, for a neighborhood of the 
point 00 , of the form 

/ »/ 7 ' 

S ^S/i (!<?>< m), 

in which at most a finite number of negative powers of 
the pth root appear. 

The critical points, with which we shall also class the 
point CO ^ have thus been shown to be singularities of a 
particularly simple kind. We make the following 

Definition. If an analytic function is regular j though 
7 iot necessarily single-valued j in a neighborhood of a point 
a or 00 j — apart from this point itself, — and if it admits 
of an expansion there of the form 

r c{% 
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respectively, in which only a finite number of negative 
powers of the pth root appear, then this point shall be 
called an algebraic point} We also say that the function 
has there the character of an algebraic function. 

4. We can now finally lay the keystone, and prove 
that every one of the m functions F,{z) can be contin- 
ued into any other one by means of a suitable continua- 
tion across the cut, L. 

For this purpose it is sufficient to show that F, can be 
continued into any other F,. For, if we can carry Fy 
into Fy and also into F„ then first, by the inverse con- 
tinuation, F, is carried into F,, and then further, in this 
indirect way, it passes from Fy into so that, in any 
case, F, can be continued into F^. Assume, now, that 
it is impossible to continue Fy into some F,: suppose 
that these functions have been numbered so that Fy 
can be carried into Fy, Fs, ■■■ , Ft, {k < m), but not 
into Fi + i, • • • , F„. This means, then, that by arbitrary 
continuation in the punctured plane, the first k func- 
tions are always permuted among themselves and are 
never carried into any of the remaining ones. If we 
form any symmetric function of them, S{Fy, F., ••• , 
= ^{z), it does not change at all, and is therefore 
single-valued and regular in the punctured plane. For a 
neighborhood of any critical point (including oo)^ ^{z) 
can be developed in an ordinary Laurent series having, 
accoi’ding to 3., only 2 . finite number of negative powers. 

This means that has no singularities other than 

Uf p = I, we fire dealing with an ordinary pole; if, in addition 
1,0 this, 710 negative powers appear, the point is actually regular. 
Naturally, we speak of an algebraic singularity only when this 
last is not the case. 
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poles in the entire plane (including co), and hence, 
according to I, §35, Theorem 2 , it is a rational function 
of z. In particular, 

(w - Fi)(w — F^) - • {w - Fk) 

“ (Pq{z) (pi(z)‘W -j- * ‘ • + = 0 

is an equation whose coefficients (px{z) are all rational 
functions of z. If we multiply this equation by a com- 
mon denominator of the coefficients, there results an 
equation of the form 

g{z, w) = yo{z) + yi{z)-w + • • . -f yk{z)-w^ = 0 

with entire rational coefficients: an algebraic ecjuation 
which is satisfied by the functions Fi, /^ 2 j • • • , Fk. But 
that is impossible for k < m because of the assumed 
irreducibility of G(Zj w).^ Our assumption is therefore 
untenable; and we have thus proved the theorem 
stated in the end of §13, and beyond that, the following 

Theorem. An algebraic function has no singularities 
other than algebraic singularities in the entire plane 
{including o®). 

5. It is now an easy matter to construct the Riemann 
surface for the algebraic function defined by 6 r( 2 , w) = 
0. Corresponding to the m functions F^{z)^ wo take m 
sheets, all cut along L, whose points bear the values of 

U^’or, there is the filgehniic Theorem: If Ihe equiiiUm 

{/(z, iv) — 0 fidi^ a root in common with l/ia irmd urihlc. (:<fii(iiion. 
0(z, iv) ~ 0 for all z of a region^ then CHz, iv) is a factor of g(z, iv); 
and hence, the degree in w of g is at least as high as that of (L 
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the functions F2, * • * , F„„ respectively. If we con- 
tinue these functrions one at a time across one of the 
segments of tlui cut, L, connecting two successive 
critical points, eacii of the F, goes over again into a 
definite one of these. We join the m sheets to one an- 
other in the manner hereby fully uniquely required/ 
whereupon this cut-segment disappears. 

If we imagine the corresponding process to be carried 
out for all segments of the cut (including that which 
extends to «>), all boundaries disappear, and the Rie- 
mann surface for the algebraic function defined by 
Q{z, w) = 0 is complete. We see it more compactly, and 
the exceptional role of the point 00 vanishes, if we start 
with the sphere instead of the plane. Then we have a 
closed m-sheeted Riemann sphere before us, every 
iion-critical point of which is the bearer of one, and only 
one, functional value.. 

Finally, we shall make the critical points bearers of 
functional values, for which the following method sug- 
gests its(df: By continuing around a critical point a 
(which may also be co), the m functions Fy undergo, 
as we saw, a definite permutation, which can be decom- 
posed into a certain number, say l{l < I < m) of dis- 
junct cycles. Then, the point a shall be added to the 
surface, but counted only I (not m) times, once for all 
the sheets together that are connected in one and the 
same cycle. Every single one of these Z superposed 
points a shall now be made bearer of the value Co, ^ , 
according as the expansion, obtained in 3 ., which corre- 

^Some KheetH, in j^articular, may pass "'smoothly” over the 
cut-segrneiit,— if, namely, the function in question, Fy, is carried 
into itself in crossing the cut. 



134 


ALGEBRAIC FUNCTIONS 


spends to it begins with the constant term Co or actually 
contains negative powers.' 

Now that we have enlarged the domain of values in 
this manner, we call the totality of pairs of values 
(a, w), consisting of all points z of our Riemann sphere 
as first component, and the functional values w uniquely 
corresponding to these points as second component, the 
algebraic configuration defined by G{z, w) = 0. Its 
further, exhaustive investigation forms the subject of 
the theory of algebraic functions. 

Exercise. Discuss in detail the structure of the Rie- 
mann surfaces (critical points; method of joining the 
sheets, and behavior of the function, at those points; 
distribution of the domain of values; etc.) for the alge- 
braic functions, w, of z, defined by 

a) — 1 — z =0, 

b) w® — 3u) — z = 0, 

c) w — z =0. 

w 

df the Z cycles, in turn, are of degree pi, pi, , pi, then 
exactly I branch-points, of order pi — 1, P 2 — 1, • • • , p? — 1, 
respectively, are superposed at a, (among which, in particular, 
branch-points of order zero, i.e., ordinary points, may also 
appear); and these, counted as I distinct points of the surface, 
may of course bear entirely different functional values. 
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THE ANALYTIC CONFIGURATION 

§16. The Monogenic Analytic Function 

We are now in a position to supplement the definition 
of the complete analytic function which was given in I, 
pp. 102-103 but which still contains several omissions, 
and thereby give a certain completeness to our investi- 
gations, at least with respect to the fundamental idea— 
that of the analytic function. To this end we resume the 
considerations of §10. 

We started there with a given functional element — 
say a power series— and continued it as long as possible. 
We must now indicate somewhat more precisely how 
this is to be carried out, be it only purely theoretically. 
For we shall require, in general, an infinite number of 
power series before a further continuation leads to 
nothing new. If, however, one is to give a constructive 
procedure according to which the continuation can be 
carried out in its entirety, it must consist of only an 
enumerable number of steps. This appeal’s impossible at 
first, because it would seem that to exhaust the contin- 
uation possibilities of even only the first power series, 
one would have to form a new expansion about every 
point of its circle of convergence as center. But then 
there would be a non-enumerahle infinity of new power 
series. 

It is easy to see, however, that in a continuation 
135 
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process — let us say the continuation of a power series 
"iPo, with center Zo, along the path k to f — wc need only 
use such new power series as have centers with rational 
coordinates} For, if the continuation along h is at all 
possible, the requisite circles of convergence with cen- 
ters ;So, 2?!, • — , Zm-i, Zm — ^ (cf. I, p. 88 and Fig. 5) 
cover a region whose boundary is a positive distance, 
p, from k. If, now, we employ, instead of 2:2, • • • , any 
rational centers zi, 2:2, • • • , each having a distance of at 
most ip from k, we also arrive at f, and with the same 
functional element. 

The rational points form an enumerable set, and from 
this we are able to infer that the entire continuation 
process for a functional element can be completed in an 
enumerable number of steps. For, only an enumerable 
number of new power series, say 

^01 j ?3 o 2, • • * > ^On, * • • j 

result from the given power series $0 if we make merely 
the -rational points of its circle of convergence centers 
of the new expansions. At most an enumerable infinity 
arise again from each of these, so that we obtain, on the 
whole, only an enumerable number of new power series,^ 
say 

For these the argument repeats itself, etc.; so that we 
get all in all an enumerable number of sequences of 

brevity we shall call such points rational points, 

^That an enumerable set of enumerable sets of objects is itself 
an enumerable set of these objects was proved when we arranged 
the lattice points of the plane in a sequence ; see p. 28 . 
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enumerably many power series, and hence all together 
an enumerable number of such series, which we shall 
denote finally by 

This proves 

Theorem 1. If it is at all possible to include an arbitrary 
point z, by means of {power-series) continuation of the 
initial element along some path, in the interior of the 
circle of convergence of a new power series, it can be 
effected with the exclusive use of {in each case a finite 
number of) power series of a suitably fixed sequence 
ih, • • • , $r, • * • 0 / such. 

Suppose that we have exhausted in this manner all 
possibilities of continuing a given functional element 
y) = f{z). The result of this is that a neighborhood of 
every point Zq of the plane which appears at all in the 
interior of one of the circles of convergence of the ‘iPr 
receives a finite or an enumerably infinite number of 
different coverings with functional values in such a 
manner, that every single covering forms a single-valued 
and regular function in a neighborhood of Zq. Let these 
l)e the functions 

fi{^]^o), f2{z;zo)y • “ . 

We then let the point Zo bear the values of these func- 
tions for z = Zo; denote these values by Wo^\ wf^ 

If the same value should appear more than once in this 
procjess, it shall be borne by Zq correspondingly often. 
Finally, if we imagine the pairs of numbers 

(Z„, Wu^), («0, • • • 
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to be formed for every Zq belonging to the interior of at 
least one of the circles of convergence of the these 
pairs in their totality constitute the monogenic anal- 
ytic function generated by the inilial element. The func- 
tion is thus determined by the following properties: 

1. To every point z of the plane, or of a part of it, 

there correspond a finite or an enumerably infinite 
number of functional values w (among 

which the same ones may appear in an arbitrary man- 
ner). 

2. If {zq, Wo) is a particular one of these pairs of 
values, the totality of pairs ( 2 :, w)y whose first component 
belongs to a neighborhood of Zo, can be combined so as 
to form a finite or an enumerably infinite number of 
regular functions ( 2 , z^ at Zq. 

3. Zo) 2 en.df^,{z\ Zo) are an arbitrary pair of the 
functions thus formed, each is an (of course not immedi- 
ate) continuation of the other. 

4. If any one of these functional elements ( 2 ; Zo) is 
developed in a power series with a rational center, we 
obtain one of the power series "iPr- 

Accordingly, we can state, in particular, the following 
two theorems: 

Theorem 2. Every domain of values which is given in 
any manner the small”^ generates^ if at all, precisely 
one well-determined monogenic analytic function. 

Theorem 3. The set of functional values which a 

T.e., every covering of a region, however small, (or of a path 
segment, or of only a bounded infinite set of points) of the 2-plaiie 
with la-values (cf. in this connection the considerations in f , p. Oo), 
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multiple-valued function can assume at a point is either 
finite or enumerably infkiite. 

§17. The Riemaim Surface 

There is nothing now to prevent the construction of 
the Kiemann surface belonging to a monogenic analytic 
function, according to the procedure indicated in §10: 
corresponding to the sequence of the we paste the 
disks of their circles of convergence together in the 
manner there described — penetrating (in imagination) 
intermediate sheets if necessary — and thus obtain the 
required surface/ 

Naturally, the way in which the sheets are joined 
together may become very complicated. It may also, 
however, be very clear and transparent, as the examples 
treated in chapters 4 and 5 show. The Riemann surface 
lays no claim to being an end in itself, but is only in- 
tended as an aid to the imagination. One will therefore 
leave it aside in all those cases in which the joining of 
the sheets becomes so involved, that it would be more 
difficult to follow the functional values on the surface 
than with the function itself. Thus, the advantage of 
constructing, e.g., the surface for w = arc sin z in order 
to visualize the course of this function is no longer 
worth mentioning, although it would be very simple to 
set it up^ on the basis of, say, the formula w = arc sin 2 

Tnstead of circular disks, we may, of course, take any other 
ref^ions; in ix'irticular, such Maximal regions in which a branch of 
t.he function remains regular. ThuB, e.g,, for the algebraic func- 
tions we could take the entire cut plane at once, 

*It is nevertheless quite useful to construct these surfaces in 
imagination in order to get practice in using the ideas involved. 
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= —i log {iz + a/ 1 — which is obtained from 
2 = sin ty = — by solving for w. But, 

e.g., in the case of the inverse of Weierstrass^s cr- or 
^-function, the construction of the corresponding sur- 
face will offer hardly any advantage any more. 

It is therefore not advisable to continue the formation 
of the Riemann surface in the most general instance. 
One should rather see from case to case whether its 
construction helps perception or not. We have become 
acquainted with the most important examples of useful 
surfaces in the preceding two chapters. As far as the 
general case is concerned, it is sufEcient to know that, 
for a given function, a Riemann surface can be con- 
structed at all events, on which its values form a 
single-valued function of position. Every point z is cov- 
ered by as many (a finite or an infinite number of) 
sheets (see below) as there are different elements for a 
neighborhood of this point, and these sheets hang 
together in a perfectly definite manner. This last means 
that if we begin at a certain point Zo of a particular sheet 
and describe any definite path (more precisely: a path 
whose projection on the ordinary 2 -plane is given), its 
course on the surface is fully unique, and consequently, 
leads us to a perfectly definite point of a perfectly defi- 
nite sheet, — ^provided only that the path does not leave 
the surface, i.e., provided that it avoids the singular 
boundary points of those sheets (see below) on which 
it lies. 

We are now finally in a position to formulatci more 
precisely several concepts whicli we have already made 
much use of: 

1. A sheet of the Riemann surface is obtained if, 
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starting with any one of our circular disks, we paste on 
new disks (or parts thereof), according to the above- 
described procedure, so long, but only so long, as we do 
not get a multiple covering of the plane. The concept 
of the sheet is thus, as we particularly emphasize, not 
an absolute one, but depends on the execution of the 
construction procedure just described. Nevertheless, it 
has a well-determined sense to speak of the different 
vsheets on which a particular point 2:0 lies: lies on as 
many different sheets as the number of times it is an 
interior point of distinct circular disks (i.e., disks not 
pasted together at Zo and a neighborhood thereof). The 
totality of points z which belong to one and the same 
sheet form a region in the sense of I, §4. 

2. By a branch of a given (multiple-valued) analytic 
function F{£) we mean any function which is repre- 
sented by the covering of one sheet of the proper Rie- 
mann surface, and which is single-valued and analytic 
in the region corresponding to it by 1. 

3. By a functional element of an analytic function 
F(z) we mean the representation of any branch or of 
only a part of it; in particular, each of the power series 

and each of the functions /„ ( 2 :; Zo) used in §16, — ^for 
which, moreover, one can imagine the boundary of the 
neighborhood of Zo which comes into question to be 
fixed in various ways, — ^is a functional element. 

4. The concept of the singular point is, like that of 
the branch or the sheet, not an absolute one either: a 
particular point can be called singular or regular only 
for a certain branch or a certain sheet (cf. the example 
on p. 96). For this, however, the concept is fully de- 
termined. For, the region which, according to L, is 
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filled by the totality of points z belonging to a sheet is 
covered with a domain of values which, by 2., forms 
there a single-valued analytic function — the branch 
belonging to this sheet. For this function the boundary 
points of the region in question are divided (cf. I, §24) 
unambiguously into regular and singular points, i.e., 
those at which the continuation across the boundary is 
possible, and those at which it is impossible, respec- 
tively. 

Exercises. 1. Discuss in detail the structure of the 
Riemann surfaces for the functions 

a) == (a complex, arbitrary), 

b) UJ = arc sin z, 

(Cf. §15, ex. 2c.) 

2. Construct a function for which the unit circle is 
the natural boundary, but which is 

a) exactly two-valued, b) infinitely multiple-valued 
in the interior of the unit circle. 

§ 18 . The Analytic Configuration 

We have yet to take up a last small supplement 
(similar to that which we made in the conclusion of §15 
in the case of the algebraic functions), by means of 
which, then, the notion of a complete analytic function 
becomes settled in every respect. 

The state of affairs thus far is the following: the do- 
main of values which finds itself affixed to a neighbor- 
hood of an (eo ipso: interior) point of a sheet of the 
Riemann surface forms there a regular functional (de- 
ment, whereas all singular points of the separate 
branches (sheets) are, at first, not added to the surface 
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at all. Among these singular points there are some of 
such a simple nature, that it is — also for various other 
reasons — advantageous to class them, so to speak, 
with the regular points, or, in any case, to add them to 
the surface. These are, in a few words, the algebraic 
singularities, — namely, the following points: 

1. The poles on a sheet; i.e., every isolated boundary 
point Zo of a sheet, such that the domain of values 
attached to a neighborhood of Zq can be developed in an 
(ordinary) Laurent series with only a finite number of 
negative powers.^ We let such a point bear the value , 
and we add the pair {zq, <» ) to the number pairs of the 
monogenic analytic function. 

2. The algebraic branch-points; i.e., every singular 
boundary point of one of the sheets, about which a 
finite number, say p(> 1), distinct sheets hang together 
like the surface for ^z at the origin, and for which the 
following condition is fulfilled: the domain of values 
affixed to these p sheets in a neighborhood of Zq, which 
(cf. p. 129) at all events can be developed in a series of 
the form 


shall be sucli, that no negative powers of ^ z - Zo, ox 
only a finite number of these, appear in this expansion. 

We shall add such a point to the surface, and count 
it once for these p sheets together. We let it bear the 
value ® or Co, ac.cording as negative powers do or do 
not in tlie expansion, and we add the pair 

iQii some otlier sheet, zo may very well be a regular point, or 
a different kind of singular point. 
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(zoj °o), (zo, Co), respectively, once to our pairs of 
numbers (0, w), 

3. Finally, we shall add the point ^ to the surface 
under corresponding conditions, namely, in a few words, 
if the behavior at the point 00^ when regarded on the 
sphere, is the same as that at the point 2:0 in the cases 
just considered; in detail, if either 

a) a certain sheet is simple in a neighborhood of the 
point 00 and the domain of values attached to it there 
forms a single-valued regular function whose Laurent 
expansion about 00 contains at most a finite number of 


negative powers of 



or 

b) a finite number, say p(>l), of distinct sheets 
hang together about the point co like the surface for 
about this point, and the (at all events possible) 
development of the affixed domain of values in the 
senes 



contains at most a finite number of negative powers of^ 



In case a) we say that there is an ordinary point, in 
case b), that there is a branch-point of order p — 1, at 

U.O., tlici ill c|ut‘.sti()ii corittiin.s all {xiini-s z which lit^ in tin* 

exterior of a certain circle, 

^The cases 1 and 3a can, of course, be intiiriirehMj the siiecial 
cases of 2 and 3b obtained when 7? = 1. 
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the point , It shall be added to the surface in both 
cases, and counted 'precisely once for the p sheets to- 
gether that were taken into consideration. We let it 
bear the value oo or Cq, according as negative powers 
do or do not appear in the expansion in question. We 
accordingly add the pair (oo, oo), (co, Co), respectively, 
once to our pairs of numbers. 

We say, now, that the set of pairs (z, w), which 
has been supplemented in this way, represents the 
(monogenic) analytic configuration defined by the ini- 
tial element.^ 

It is useful to add to the set of our functional ele- 
ments /„( 0 ; Zq) the finite or enumerably infinite number 
of expansions which we spoke of in 1. — 3. Then we have 
before us in the set of all these functional elements or 
in the set of all our pairs of numbers (z, w), completely 
and in clear arrangement, the configuration which arises, 
in the continuation process, from an arbitrarily given 
power series or other representation of a regular func- 
tion in the small. 

In conclusion let us add that the theory of uniformiza- 
tion mentioned on p. 84, footnote, is, in a way, the 
connecting link between the two main subjects of our 

nVidiout proof we add the remark that, by interchanging the 
two components of every number pair of an analytic configuration 
iz, %!>) which arises from a functional element w == /(s), there- 
i-esults another monogenic analytic configuration {w, z) which is 
designated as the inverHuconjujuralion. This transparent transition 
from an analytic function to its inverse could not be formulated 
so simply and clearly without the supplements met with in this 
I)aragraph. Their usefulness is already sufficiently assured by 
this fact alone. 
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investigation, the single-valued and the multiple- 
valued functions. For in it is proved the theorem that 
any {multiple-valued) analytic function w = F{z) can be 
completely represented (uniformized) with the aid of 
single-valued functions] and this more precisely in the 
sense that there always exist two single-valued func- 
tions of the complex variable t, z = z{t) and w = w{t)^ 
with the property that the pair {z, w) = {z{t)^ w{t)) 
yields the complete analytic function w = F{z) when 
the variable t runs over a certain domain of its plane. 
(General uniformization theorem of Poincar6 and 
Koebe.) 
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